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Chapter 1 

Introduction 



1.1 Motivation 

With the discovery of the non-point-hkc nature of hadrons and nuclei from 
electron scattering experiments [Hof 57. Ho f63] the investigation of the structure 
of hadronic systems has become a vital field of research in modern nuclear 
and particle physics. According to quantum chromodynamics (QCD), which is 
accepted as the fundamental theory of the strong interaction, hadrons arc bound 
states formed by strongly interacting quarks. The details of this mechanism are, 
however, not completely understood due to calculational difficulties that arise 
with a strongly-interacting quantum field theory in the low energy regime (see 
for example Ref. |AH03| ). The nuclear force acting between nucleons is regarded 
as a residual force of the underlying strong interaction and is responsible for the 
binding of nucleons to form nuclei. 

Ab initio calculations of hadron masses and the structure of hadrons require 
a non-perturbative solution of the QCD bound-state problem. This can be 
done by lattice as well as continuum methods, but only through enormous com- 
putational efforts. Therefore many effective models have been developed with 
the purpose providing a phenomenological description of hadronic properties. 
It is clear that such models, describing phenomena at length scales of nuclei 
(and smaller) and at energies and momenta used in electron-nuclei scattering 
experiments, should incorporate both, quantum theory and special relativity. A 
particular model that docs not exhibit the difficulties of a strongly interacting 
quantum field theory at low energies and at the same time unifies quantum 
theory and special relativity is relativistic quantum mechanics. The foundation 
of such a model has been laid by Wigner |Wig39| and Bargmann jBar54] . Con- 
temporaneously, with his work about the forms of relativistic dynamics jDir49] , 
Dirac found 3 preferred ways of how to include interactions into a relativistic 
theory. He called them instant, front and point form according to the hyper- 
surfaces in Minkowski space that are left invariant under the action of maximal 
sets of Poincare transformations which arc not affected by interactions (these 
are called kinematic). The point form, in particular, is characterized by the 
kinematic nature of Lorentz boosts and rotations. 

The point form of dynamics has already been considered in the context 
of quantum field theory (see, e.g., Refs. |^'HJ 731 IGRS741 IBKSZ081 lKli08| ) . 
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How to put the idea of a point-form quantum field theory into practical 
use is currently under investigation using the analytically solvable Schwinger 
model |Sch51[[S"ch53j . The long-term goal is then to end up with a point- form 
formulation of QCD (for a recent review, cf. Ref. |BKSllb] ). 

The point form can also be applied to quantum systems with a finite number 
of degrees of freedom which generates a point-form relativistic quantum mechan- 
ics (PFRQM). A particularly simple Poincare invariant prescription of how to 
set up an interacting quantum mechanical model is the Bakamjian- Thomas con- 
struction [BT53| . What one loses, however, in a Bakamjian-Thomas framework 
(for more than 2 particles) is cluster separability }Sok79[ICP82] (for a detailed 
discussion of this problem see Ref. |KP91j ). For the three-particle case a solu- 
tion to the cluster problem (formulated in terms of S-operators) has been given 
by Coester [Coe65| . A general solution for an arbitrary number of particles has 
been proposed by Sokolov by introducing unitary operators, so-called packing 
operators, that restore cluster separability [Sok79j . This solution is, however, 
rather formal and cumbersome for practical purposes. 

PFRQM has already been quite successfully applied to various problems 
of relativistic few-body physics, such as the calculation of masses |GPVW98l 
IGKP+05[|MPS08), str ong decays of hadrons W W05 , MPSOTll^PQU , strong 
form factors [MCP09| , axial charges [CPWlOailCPWlObj and for a classification 
of baryons |MPS08| . 

In the present work we concentrate on the study of electromagnetic prop- 
erties of few-body systems. The phenomenological quantities associated with 
the electromagnetically probed structure of a hadronic bound system are the 
electromagnetic form factors. They encode, in a relativistic invariant manner, 
all effects coming from the underlying QCD that influence the electromagnetic 
vertex of the bound state. 

Finding a microscopic description of the form factors amounts to finding 
an expression for the electromagnetic bound-state current in terms of the elec- 
tromagnetic constituent currents and bound-state wave function. Due to the 
requirement of covariance the current cannot be the simple sum of constituent 
currents. This was first realized by Siegert |Sie37| . Further constraints on the 
bound-state current come from the requirements of current conservation and 
cluster separability |Lev95| . 

There have been various attempts within relativistic few-body physics to 
calculate form factors. For instance, the form factors of the simplest hadronic 
systems like the tt meson, the p meson and the deuteron have been investigated 
extensively in different approaches, most of them using light-front dynamics; 
see, for example, Refs. [L'PCKSB , BH92, ICPSS95l[GK99llAKP01llBCJ02LIGCi02l 
IJau03l[CJ04llclMFPS06llBdT08llCKMB09] . Also PFRQM has aheady been used 
to analyze the electromagnetic structure of such si mple hadronic two-body sys- 
tems; see for example, Refs. |Kli98aimC98llAKP01llw"BK+01[lB+n2llMBC+06[ 
|MBC"'"07] . In these approaches the point-form spectator model is used to de- 
fine an electromagnetic current operator which already satisfies all the nec- 
essary requirements in order to be compatible with a particular interaction 
model |Lev95| . 

In the present work however we follow a different strategy. Rather than mak- 
ing an ansatz for the most general current on which the necessary constraints are 
imposed, we derive a microscopic bound-state current that exhibits the required 
properties. Our approach is based on a relativistic multi-channel framework 
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proposed by Klink jKli03a] . using field theoretical vertex interactions that are 
implemented in the Bakamjian- Thomas construction. This multi-channel for- 
malism has already been applied successfully to different relativistic few-body 
problems such asthe calculation of vector-meson masses and partial decay widths 
within the chiral constituent model jKraOlilKSKOSilKlelOilKSlOj . the study of 
the hydrogen atom and positronium |Lec03| and for the derivation of a mass op- 
erator for pion-nucleon and nucleon-nucleon scattering using chiral perturbation 
theory |GVK07| . This formalism, adapted to clcctron-bound-state scattering, 
makes it possible to calculate electromagnetic bound-state currents. It was first 
proposed in Ref. }Fuc07] for the case of a pseudoscalar quark-antiquark bound 
state in which the quarks were treated, for simplicity, as spinless particles. De- 
spite this simplification, the form factor results were already quite promising. 
In particular, they showed perfect numerical agreement with the results of the 
standard front-form approach by [CCP88j . The deeper reason for this equiva- 
lence was, however, not yet evident. The present work, where the constituents' 
spins are fully taken into account, attempts to give an explanation to this ques- 
tion. Moreover, by investigating spin-0 and spin-1 form factors and addressing 
the cluster problem we will find quite remarkable similarities with the covariant 
light- front approach of Refs. |KS941[CDKM98| . The present work also contains 
part of a benchmark calculation of the deuteron form factors, whose aim is to de- 
fine more accurately the meaning of 'relativistic effects' in different approaches 
of few-body physics. As a common starting point, we propose a simple model 
for the nucleon-nucleon interaction in the spirit of the Walecka model |Wal74j . 

The same coupled- channel formalism has also been applied very recently to 
calculate electromagnetic and weak form factors of heavy-light systems |GRS11[ 
IGRSIO) . Therein, a simple analytical expression for the Isgur-Wise func- 
tion |IW89IITW90] has been found in the heavy-quark limit. 

In this thesis we restrict ourselves to instantaneous interactions between 
the constituents that form the bound state. The formalism offers, however, 
the possibility to include additional channels with dynamical particle-exchange 
interactions between the constituents. Such an extension is under investigation 
and will not be part of this thesis. 

To sum up, the great advantage of our point-form approach is manifest 
Lorentz covariance which will be used to derive currents and form factors for 
spin-0 and spin-1 bound states of two spin-1/2 particles. Due to the Bakamjian- 
Thomas framework we expect, however, difficulties associated with cluster sep- 
arability. How such difficulties manifest themselves and how they can be cir- 
cumvented is the second important issue of this thesis. 

1.2 Synopsis 

Chap. [2] is an introduction to relativistic quantum mechanics. It provides the 
theoretical background on which the present work is based. We point out the 
relevance of the universal covering group of the Poincare group for a relativistic 
quantum theory and derive the Casimir operators of the Poincare group. With 
the one-particle irreducible representations we construct multi-particle repre- 
sentations, one of them being the velocity-state representation which is most 
convenient for our purposes. 

Chap. 13] is devoted to interactions in a Poincare invariant quantum theory. 
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This brings up the notion of Dirac's forms of relativistic dynamics, where we 
focus in particular on the point form. A Poincare invariant prescription for 
how to introduce interactions into a free theory is the Bakamjian-Thomas con- 
struction, which is then used to formulate the bound-state problem for a mass 
operator. In this context we address the non-trivial problem of cluster separabil- 
ity. The definition of appropriate electromagnetic vertex interactions in terms 
of field-theoretical interaction densities concludes this chapter. 

Subsequently, in Chap. 31 we set up a relativistic coupled-channel prob- 
lem which describes center-of-mass electron-bound-state scattering in the one- 
photon-exchange approximation. From the associated optical potential we ex- 
tract the electromagnetic bound-state current in terms of constituent currents 
and bound-state wave functions. Properties of the current such as hermiticity, 
continuity and covariance are discussed for the particular cases of spin-0 and 
spin-1 bound states. 

The subject of Chap. [S] is the extraction of the electromagnetic form factors 
from the expression for the bound-state current, which requires a careful analysis 
of its Lorentz structure. In this context it will be necessary to come back to the 
problem of cluster separability. By comparing our expressions for the current 
and the form factors with those of light-front dynamics notable similarities are 
found. 

In Chap. [5] we introduce specific models for bound states. For mesons, like 
the TT and p meson, we model confinement between the quarks by a simple 
harmonic-oscillator potential. For the deuteron we propose a meson-exchange 
nucleon-nucleon interaction inspired by the Walecka model. 

The numerical results for our form factors of the pion, the p meson and the 
deuteron are then presented and discussed in Chap. [T] 

Chap. \8\ finally summarizes the thesis and gives a short outlook to further 
investigations. 

The appendices contain important definitions and conventions to be used 
throughout the work together with basic relations, longer derivations and in- 
volved calculations. App. |2] gives the Minkowski space notations and a matrix 
representation of the Poincare group in Minkowski space. App. |B] gives the 
representations to be used for the Dirac spinors and the polarization vectors 
together with their most basic properties and relations. App. [C] contains some 
useful relations associated with the SL(2,C) and the Clebsch-Gordan coeffi- 
cients. In App. |D]we give the rather lengthy calculations and derivations of the 
currents obtained in Chaps. [3] and H) In App. |E]we detail the derivation of the 
microscopic bound state current from the optical potential. App. [F] contains 
a detailed analysis of the extraction of the form factors described in Chap. [S] 
Finally, App. [G] gives the derivation of the meson-exchange potentials in the 
static approximation used in Chap. [51 



Chapter 2 



Relativistic Quantum 
Mechanics 

In this chapter we present and briefly discuss the fundamental principles and 
ideas on which the present work is built. It provides the basis for the following 
chapters. We will proceed roughly along the lines of Refs. jKP91[|Pol09[IKra01[ 
ISen06llTha92llSch01j . 

2.1 Introduction 

The basis of our investigations is relativistic quantum mechanics. This means 
that we are dealing with quantum mechanical models for a finite number of 
particles that are invariant under the transformations of the Poincare group, 
the symmetry group of special relativity. 

Any quantum mechanical model is formulated on a Hilbert space H, i.e. a 
complete complex linear vector space with elements called state vectors in the 
quantum mechanical context. A state vector \\[^) describes a particular state of 
a physical system. Experimentally measurable quantities, i.e. the observables of 
a physical system, correspond to expectation values and transition probabilities 
between such states. These quantities are determined by Hilbert-space scalar 
products. Hilbert-space scalar products are invariant under unitary transfor- 
mations of the state vectors, which implies that probabilities are also unitarily 
invariant. Therefore, in order to ensure that probabilities are preserved under 
symmetry transformations of the system under consideration, one requires the 
action of a symmetry transformation on a state vector \^) to be represented by 
a unitary operator. 

According to the principles of special relativity the laws of physics are equiva- 
lent in all inertial coordinate systems. In other words, equivalent measurements 
done in different inertial coordinate systems lead to identical results. Inertial 
systems are connected by Poincare transformations which form a group, the 
Poincare group. In a theory where both relativity and quantum mechanics are 
incorporated, the principles of special relativity should be formulated in terms 
of quantum probabilities in such a way that quantum observables are invariant 
under the change of inertial reference systems. This is guaranteed if the effect 
of a Poincare transformation on a state vector \W) is represented by a unitary 
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operator. In this way the only measurable quantities, namely probabilities, can- 
not be used to distinguish between different inertial coordinate systems |KP91) . 
This integration of special relativity into quantum theory was first realized by 
Wigner |Wig39| . A refined version of this theorem by Bargmann |Bar54j reads: 

A quantum mechanical model formulated on a Hilbert space preserves 
probabilities in all inertial coordinate systems if and only if the corre- 
spondence between states in different inertial coordinate systems can 
be realized by a single-valued unitary representation of the covering 
group of the Poincare group^ 

The purpose for requiring the covering group of the Poincare group instead of 
the Poincare group itself is to avoid ambiguities that appear when rotating half- 
integer spin particles through an angle of 27r |KP91j . By taking the covering 
group of the Poincare group these unwanted ambiguities are removed (for a 
thorough discussion of this problem we refer, e.g., to Rcf. jTha92| l 



2.2 The Poincare Group 

In this section we summarize the most important features of the symmetry 
group of special relativity, the Poincare group. The theory of special relativity 
postulates the existence of inertial coordinate systems. These inertial systems 
are related by transformations that preserve the proper time T12 between two 
events in Minkowski space. If these two events are described by the four-vectors 
a;^ and Xj, T12 is defined by 

(xi - X2rg^,.ixl - X2T . (2.1) 

For the Minkowski-space conventions used throughout this work we refer to 
App. lA.ll The transformations that leave Eq. (j2.ip invariant form a group, the, 
so-called, inhomogeneous Lorentz group or Poincare group. This group consists 
of the continuous one-parameter transformations of time translations, space 
translations, rotations and Lorentz boosts and the discrete transformations of 
time reversal, space inversion and four-dimensional reflections. The Poincare 
group is the semi-direct product of the group K'* of space-time translations with 
the (homogeneous) Lorcntz-group 0(1,3) with elements Consequently, a 
general Poincare-group element is the pair (A, a) labeled by a Lorentz transfor- 
mation A and a space-time translation a. The most general point transformation 
associated with {A, a) that satisfies Eq. (|2.1[) is given by 

This transformation defines a representation of the Poincare group in Minkowski 
space where is a constant four-vector and A^^^ is a constant (4 x 4)-matrix. 
In the following we restrict ourselves to the continuous transformations which 
themselves form a subgroup of the Poincare group, the so-called proper, or- 
thochronous Poincare group. It is the component of the Poincare group con- 

^This theorem is often referred to as the Wigner theorem. 

^0(1,3) is the linear group of Minkowski space R-'^+^ that leaves the scalar product, 
Eq. 1 12. in . invariant. 
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taining the identity and it is characterized by the conditions det = 1 and 
^'o — referring to proper and orthochronous, respectivelylf] 

A rotation can be parametrized by a rotation axis and an angle of rotation 
described by the direction and the norm of the three- vector 6, respectively. In 
the (4 X 4)-matrix representation yl^^ of the Lorentz group in Minkowski space 
a rotation is given by 

(2-3) 



.0 Rie) J 

with the usual S0(3) rotation matrix 

A canonical (rotationless) boost can be parametrized by a velocity v and is 
given in the above (4 x 4)-matrix representation in Minkowski space by 



V 
V 



V 



vv 



(2.4) 



with = VT+t^. The velocity v can alternatively be expressed in terms of 
the rapidity p defined by p := sinh^^ 

At this point we introduce another type of boost associated with the helicity. 
It consists of a canonical boost in the three-direction to a desired magnitude 
\v\, followed by a rotation into the desired direction 



B^{v):^R{e)B,{\v\x^) with 6 



1*3 X v\ 



cos ^{x^ ■ i)) 



(2.5) 



By expressing the matrices R and in exponential form we can write down 
the most general proper Lorentz transformation, which can be decomposed into 
a rotation and a canonical boost according to the, so-called, decomposition the- 
orem (a proof of this theorem can be found, e.g., in Ref. |Sch99j ): 



A {6, p) = cxp (-i ■ J) cxp (-i p ■ K) 



(2.6) 



with the generators J and K for infinitesimal Lorentz transformations defined 

by 



.dA{e,p) 



893 



and := i 



.dA{e,p) 



dpi 



j = l,2,3. (2.7) 



These six infinitesimal Lorentz generators can be combined to six independent 
components of an antisymmetric tensor M^'^ of rank 2 which transforms covari- 
antly under Lorentz transformations. This tensor is called the angular momen- 
tum tensor and its non- vanishing components are defined by M'-' := e^^k jk ^-^^ 
M°3 ■= K^. 

The inhomogeneous part of the Poincare group, consisting of space-time 
translations, can be represented in (extended) Minkowski space by (5 x 5)- 
matrices. The infinitesimal generators for space-time translations are then given 



•^We will use the terms Poincare group and Poincare transformation to refer only to 
the proper, orthochronous Poincare group. Its homogeneous part is called the proper, or- 
thochronous or restricted Lorentz group SO+(l,3). 

'*SO(3) is the group of real (3 X 3)-matrices R with Fl^ = and dot R = 1. 

^Note that v := ^ = f^iiph with the physical velocity = ^ (see, e.g., Ref. ISch99l V 

^Here the 'hat' denotes a unit vector into the direction of the corresponding vector. 



14 



Relativistic Quantum Mechanics 



by 

(2.8) 

a"=0 

with a space-time translation represented in (extended) Minkowski space by 

T{a) -.^ 0, ) . (2.9) 

A detailed derivation can be found in App. IA.2l or. e.g., in Ref. |Scli01| . 

The 10 infinitesimal generators of the Poincare group in the (5 x 5)-matrix 
representation of Minkowski space satisfy a set of commutation relations, the, 
so-called. Poincare algebra^ Its manifest covariant form reads 

0, (2.10) 

i{g''ppt' -gt^Pp") , (2.11) 

-i {g^^Ar" ~ g'^^M'"' + g'^'M''^ - g^"'^^^) . (2.12) 

Eq. (|2.10p are the commutation relations for the Abelian group of space-time 
translations, Eq. (j2.1ip ensures that P^ transforms covariantly under Lorentz 
transformations and Eq. (j2.12p is the Lie algebra of the Lorentz group. 



pp •= 



da" 



[M^"',PP] = 



2.3 The Covering Group of the Poincare Group 
2.3.1 Two-Spinor Representations 

Remembering the Wigner theorem, the aim is to find a single-valued unitary 
representation of the covering group of the Poincare group which acts on states 
of the Hilbert space. The covering group of Poincare group is the inhomoge- 
neous SL(2,C), also sometimes denoted as ISL(2,C), with the SL(2, C) being 
the covering group of the Lorentz group S0+(l,3). It is the group of ordered 
pairs of complex (2 x 2)-matrices {A, a) with det A = I and a = H The relation 
between the ISL(2,C) and the Poincare group can be seen as follows. To this 
end we note that any four-vector x^" can be represented by a 2 x 2 Hermitean 
matrix defined by |KP91j 

x:=xP-a^ ^ xP ^^tr{x(jf,) (2.13) 

with (Tp := ((7°, a). Here (T° = l2x2 is the (2 x 2)-identity matrix and cr = {ct,} 
are the usual Pauli matrices defined in App. IB. 1.11 Note that here the usual 
Pauli matrices are defined via lower (covariant) indices. The relation to the 
proper time between two events, cf. Eq. (|2.1[) . is then given by 

dct\x^~X2\ = Tf2. (2.14) 

^The Poincare algebra is the Lie algebra of the corresponding Lie group, in our case the 
Poincare group. 

®The 'underline' of a symbol denotes an element of the SL(2, C). 
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The most general transformations that preserve this determinant (i.e. the proper 
time) , the hermiticity of x, the handedness of space and the direction of time 
read 



X 



= Axj^+a. (2.15) 



Then the connection to the Poincare group elements {A, a) follows from 
Eq. (11331): 

A{A)%^^tr{a^An,A^) and a'' = ^tr (a a^) . (2.16) 

At this point we notice that each of the pairs {A^a) and {—A, a) correspond 
to the same Poincare transformation (yl (yl) , a) = {A{—A),a). This means 
that there is a 2-to-l correspondence between the ISL(2,C) and the Poincare 
group. In other words, the group ISL(2, C) covers the Poincare group twice. By 
identifying the elements {A, a) and {—A, a) in ISL(2, C) one obtains a group that 
is isomorphic to the Poincare group |Pol09j . The most general A with dct vl = 1 
can be written by the decomposition theorem as |KP91..Sch01, 

A{e,p) = exp(^^p-cT^exp(^-'-e-o-^ . (2.17) 

In this, so-called, spinor representation of the SL(2,C) rotations are given by 
the unitary (2 x 2)-matrices 

f) f) 
R(9) ^ a" cos- -icr -e sin- , (2.18) 

whereas canonical boosts are given by the Hcrmitcan (2 x 2)-matrices 

(p) = (7° cosh ^ + (T • p sinh ^ . (2.19) 

In App. IC.il we have collected some useful relations for these SL(2,C) elements, 
which we will need for later purposes. According to the polar decomposition 
theorem any element of SL(2, C) can be written as a product of a unitary and a 
Hermitean matrix |RS72[|KP91j . This corresponds to the decomposition theo- 
rem for Lorentz transformations. For the description of massive spin-^ particles 
there exist 2 different spinor representations of the SL(2, C): the representation 
A with generators 

J = j and K='ij (2.20) 

which we have already introduced in Eq. (|2.17p and another, incquivalcnt rep- 
resentation defined by yl' := {A^)~^ with generators 

J' = - and K'= i-. (2.21) 
- 2 — 2 ^ ' 

These two spinor representations A and A' are called the right- and the left- 
handed representation, respectively. They are not equivalent but connected by 
space inversion |Sch01| . 
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2.3.2 Four-Spinor Representation 



The fact that there is no element of SL(2,C) corresponding to space inversion 
requires to double the dimension of the representation space in order to obtain 
a matrix representation of the Poincarc group. A direct sum (up to a similarity 
transformation) of the right- and left-handed representation gives a linear matrix 
representation on C''. Consequently, combining the matrices A and {A^)~^ into 
a (4 X 4)-matrix gives |Tha92| 

In this (4 X 4)-matrix representation of the Lorentz group a general Lorcntz 
transformation is given by |Gro93| 



5(^(0,p))=exp 



■-17^6/ 



a 



Then a rotation and a canonical boost read 



and 



respectively, with 



SiEiO)) = I4 cos - -i7^Q;- sin- 



s' (B^ (p)) = I4 cosh ^ + a ■ psinh ^ , 



I4 := l4v4 and a 



CT 

cr 



(2.23) 

(2.24) 
(2.25) 

(2.26) 



The representation of a given by Eq. (j2.26p was already determined by the 
choice of the representation of S (vl) given by Eq. (|2.22p . A similarity transfor- 
mation transforms the representation of Eq. (|2.26|) into another representation, 
the, so-called, standard representation defined in App. IB.l.ll We will use the 
standard representation throughout the present work. 



2.3.3 Unitary Representation 

According to the Wigner theorem we have to find a single-valued unitary rep- 
resentation of the ISL(2,C) acting on "H, which will be denoted by U is 
a mapping from the ISL(2,C) to the space of linear operators on the quantum 
mechanical Hilbert space H and can be written in an exponential form as jKP91| 



U {A {0, P),a)^ cxp(-i P ■ a) cxp(-i J 9 iK p) 



(2.27) 



The infinitesimal generators of this unitary representation of the ISL(2,C) are 
self-adjoint operators given by 



■ dU{R{e)) 



d9i 



9=0 



and = 



da" 



dpi 



p=0 



(2.28) 



(2.29) 



^Here the 'hat' on the top of a symbol denotes an operator acting on T-L and not a unit 
vector, but despite of this ambiguity in the notation the distinction between unit vectors and 
Hilbert-space operators should be clear from the context. 
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The generators J, P and P° have the famihar interpretations as physical quan- 
tities of the system under consideration: the generator for rotations J is the 
total angular momentum operator, the generator for space translations P is the 
total linear momentum operator, and the generator for time translations 
represents the total energy of the system (note that the boost generator K has 
no physical interpretation as observable) |KP91| . 

Using the group representation property it can be shown that these operators 
satisfy the Poincare algebra, Eqs. (|2.10p - (|2.12p . Furthermore, they have the 
following transformation properties under Poincare transformations [Pol09| : 

UHAa)P''UiA,a) = A^'^P'' , (2.30) 
C/^ {A, a) M^"'U {A, a) = A^'^A''^ (^M"^ - a'' P^ + a-'P"^ . (2.31) 

2.4 Casimir Operators and 

Newton-Wigner Position Operator 

This section is devoted to the Hilbcrt-spacc representation of the Casimir oper- 
ators of the Poincare group and to the Newton-Wigner position operator. The 
Casimir operators (operator invariants) of the Poincare group are defined as 
the only independent self-adjoint operators, being polynomials in the Poincare 
generators, that commute with every Poincare generator. The states of an irre- 
ducible representation of the Poincare group must be eigenstatcs of the Casimir 
operators. Therefore, their eigenvalues can be used to classify different types of 
irreducible representations |KP91l[Sca07j . In particular, we will see that these 
quantum numbers are the mass and the spin of a system associated with the 
eigenvalues of a mass operator and a spin operator, respectively. For later pur- 
poses we will also define a position operator, i.e. the canonically conjugate 
operator to the three-momentum operator. 

2.4.1 The Mass Operator 

The mass operator squared is defined as the square of the four-momentum 
operator P^: 

It is self-adjoint, commutes with every generator and is therefore a Casimir 
operator of the Poincare group. The. so-called, spectral condition requires Af^ 
to have only non- negative eigenvalues |KP91j . Then the square root of this 
operator can be defined as the operator 

A/:=/A^^. (2.33) 
The eigenvalue of M will be called the physical mass of the system. 

2.4.2 The Spin Operator 

In addition to the mass operator we can construct a second Casimir operator 
from the generators of the Poincare group. To this aim we introduce the, so- 
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called, Pauli-Lubanski operator by 

1 



uuar p n ,r 



(2.34) 



which is again a self-adjoint operator. satisfies the following commutation 
relations |KP91j : 



= 0, 

= i (g''PW^' - g^PW"" 



(2.35) 
(2.36) 
(2.37) 



Eq. (|2.36p ensures that transforms like a four-vector under Lorcntz trans- 
formations, cf. Eq. (|2.30p . Therefore, its square is a Lorentz invariant and given 

by 



(2.38) 



where Jg is the total intrinsic spin operator. is independent of , commutes 
with all the Poincare generators and is therefore (beside M^) the second Casimir 
operator of the Poincare group. 

From the definition of W^, cf. Eq. (|2.34|) . we find the Lorentz invariant 
relation 



0. 



(2.39) 



This equation implies that must be a space-like vector since is time-like 
by the spectral condition. Any space-like vector can be Lorentz transformed 
into a reference frame where its time component vanishes. Eq. (|2.39p implies 
that this transformation is a general Lorentz boost into the rest frame of the 
system. This boost is denoted by B~^{'V) where V^^ := P^ / M is the four- 
velocity operator. S^^(V) together with Eq. (|2.38p can be used to define a spin 
operator J„ b^T^I 



(0,Jg)^- 



B-\vr,w" 



(2.40) 



It should be mentioned that this expression does not transform like a four- vector 
under Lorentz transformations. It rather transforms with a, so-called, Wigner 
rotation i?w '■ 



with 



Rw,iV,A) ■.^B~\AV)ABsiV). 
The proof of Eq. (piiTj) can be found, e.g., in Ref. jPol09] . 



(2.41) 
(2.42) 



The spin operator Jg can equivalently be defined via the angular momentum tensor op- 



erator M''" by the relation J| = ie»'='Bg Bg ^(V)'^M'"' IKP91I 
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The definition of Jg in Eq. (|2.40p is still not unique, since there exist in 
principle infinite many different boosts (combinations of rotationless boosts and 
rotations) that transform a system with a given momentum into its rest 
frame with momentum (7\jf,0)''. Note that Lorentz invariance of Eq. (j2.38p 
implies that the square of the spin operator is independent of the particular 
choice of the boost B~^{V) and therefore unique. In case i?~^(V') is a canonical 
(rotationless) boost B~^{V) (cf. Eq. (|2.4p ). then Eq. (j2.40p defines the canonical 
spin operator Jc'. 



(O, Jc) 



" := j-B-\vnW'' . (2.43) 



Only this canonical spin operator Jc transforms like a three-vector under ro- 
tations, since Wigner rotations for canonical boosts have the special property 

that 

i?w. {V, R) = R (2.44) 

where i? is a rotation[3 Therefore, the canonical Wigner rotation of a rotation 
is the rotation itself. The proof of Eq. (j2.44[) can be found, e.g., in Refs. |Kh98b[ 
IPol09j . If a helicity boost is used in Eq. (|2.40p to define the spin we speak of a 
helicity spin operator Jh, because its third component is the familiar expression 
for the helicity: 

Jl = ^- (2.45) 

The special property of the helicity is that it has a well-defined value in the 
limit of a vanishing mass. 

Using Eq. (|2.37p together with the spectral condition on we obtain the 
usual SU(2) Lie algebra for the spin operators 



P r 



ie'^'j' (2.46) 



These relations imply that the spin eigenvalue J can only be an integer or a 
half-integer number. In the case of the helicity spin the SU(2) commutation 
relations are satisfied by the components and Jh x a;3/|a;3|. 

2.4.3 Newton- Wigner Position Operator 

For the case of canonical spin one finds by direct computation that Jc is related 
to the Lorentz generators by 



and 



J = XcX P + (2.47) 



K = --{P",X,}-^^^. (2.48) 



"Note that Eq. implies the relation RBc(V) R-^ = Bc(RV) . 

^^SU(2) is the group of (2 X 2)-matrices R with Rt = and dot \R\ = 1. It is the 

universal covering group of the rotation group SO(3). 
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Here the Hcrmitcan operator Xc is the canonicahy conjugate operator to P and 
given by 




It was introduced by Newton and Wigner in Ref. [NW49| and is cahed the 
Newton- Wigner position operator. The role of this operator wih become evident 
later when dealing with the construction of dynamical representations of the 
Poincare group. 

It should be mentioned that the above relation between the canonical spin 
operator Jc and the total angular momentum J is equivalent to the correspond- 
ing relation in non-relativistic quantum mechanics. This is special to canonical 
spins and allows one to couple spin and orbital angular momentum to the to- 
tal angular momentum using the standard addition rules of combining angular 
momenta in non-relativistic quantum mechanics |KP91j . 

2.5 One-Particle Irreducible Representations 

The aim of this section is to end up with a Poincarc-invariant quantum me- 
chanical description of a single particle with mass m and spin j . This amounts 
to finding an irreducible representation of the Poincare group on a one-particle 
Hilbert space. The eigenvalues and j{j + 1) of the Casimirs and j^, 
respectively, together with the sign of the eigenvalue p° of the Hamiltonian fp 
can be used to classify irreducible representations |Pol09| . In the present work 
we will only consider the massive spin-j case with > and > and the 
massless spin-1 case with = and p° > 0. 

2.5.1 Massive Representations 

We start with massive particles. A suitable basis for a one-particle Hilbert-space 
representation is given by the set of simultaneous eigenstates \m,j,p,a) of the 
commuting Hermitean one-body operators 



For the states \m, j,p, a) short-hand denoted as |p, cr) we use a covariant nor- 
malization given by 




P and . 



(2.50) 



{p',a'\p,a) = (27:) 



H„,,2pH\p^p') 



(2.51) 



The corresponding completeness relation reads 




(2.52) 



The action of [/ {A, a) on |p, a) is given by 



3 

U {A, a) \p, a) = exp {-iAp ■ a) ^ D^,^ [^w. i^, ^)] \^P, , (2-53) 

(T' = -j 
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with V = p/m. For a detailed derivation of Eq. (j2.53|) see, e.g., Ref. |KP91| . 
Here 

Di,M)--={]^^'\U{R,0)\3,^) (2.54) 

are the famihar Wigner D-functions being a {2j + 1) dimensional unitary irre- 
ducible representation of the rotation group SU(2) in the basis \ j,a) = \a) (see, 
e.g., Ref. jVMK88]). Some useful relations of these Wigner D-functions which 
will be repeatedly used throughout this work are collected in App. (|C.2p . 

2.5.2 Massless Representations for Spin-1 Particles 

In this section we turn to the case of massless particles with = 0. For 
a detailed discussion on the covariant treatment of massless spin-1 particles, 
such as the photon 7, within the so-called Gupta-Bleuler formalism see, e.g. 
Refs. |Ble50[|Gup50[ISch61[IKli03b] . A suitable basis for massless spin-1 states 
is given by the state vectors A) = \p, A) with A denoting the 4 polarization 
degrees-of- freedom of a massless vector field (2 physical and 2 unphysical ones). 
These states are simultaneous eigenstates of the operators 

p and 3t- (2.55) 

These massless states are normalized covariantly according to 

{p', \'\p, A) = {2^f{~g,^y)2\p\5^ {p - p') . (2.56) 

The corresponding completeness relation reads 

A=0 



The transformation properties of |p. A) under Poincare transformations are given 

by 

3 

U{A.a)\p, A) = exp {^\Ap ■ a) ^ i?w, {p, ^)va I^P. (2-58) 

A'=0 

where 

i?w, (P, A) B-^\Ap) A B^{p) (2.59) 
is the massless analogue of a Wigner rotation. 



2.6 Multi-Particle Representations 

After having found the one-particle irreducible representations of the Poincare 
group in the previous section we consider now systems with more than 1 particle. 
We will restrict our considerations to a finite number of degrees of freedom. Our 
aim is to end up with a multi-particle representation of the Poincare group which 
is constructed from the one-particle irreducible representations. In particular, 
we will use two different kinds of multi-particle bases, the tensor-product-state 
and the velocity-state basis. 
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2.6.1 Tensor-Product States 

The first step towards a multi-particle representation of the Poincare group is to 
consider a n-particle Hilbert space which is the n-fold tensor product of single- 
particle Hilbcrt spaces of the previous section. A free n-particle momentum state 
basis of this n-particle Hilbcrt space is then constructed from tensor products 
of n single-particle basis states as follows: 

|pi,(Ti;P2,0'2; • • . ;p„,cr„) = |{Pi,cr,}) := |pi,CTi) (g) \p2,cr2) «) . . . ® |p„,cr„) • 

(2.60) 

Here and ai are the physical four-momentum and canonical spin projection 
of the i"^ particle, respectively. We assume that all single particles are on their 
respective mass shells, i.e. 

rf = V^^l+P?. Vi = l,...,n. (2.61) 
The kinematic variables 

n 

PI: = J2p^ Af„ = /ff (2.62) 

arc the free total four-momentum and the free invariant mass of the n-particle 
system, respectively. A unitary representation of the Poincare group acting on 
the tensor-product states (j2.60l) is given by a tensor product of n irreducible 
single-particle representations: 

t/i2...„ [A, a]:^Ui [A, a] ® C/2 [yl, a] ® . . . ® C/„ [A, a] . (2.63) 

Consequently, the Poincare generators of the n-particle system are sums of the 
n one-particle generators: 

M^" := m^""® ia®-- -(gin + 110 771^" (g-'-^in 

-Hii(8i2®---®mr- (2-64) 

The transformation properties of the multi-particle tensor-product states under 
Poincare transformations follow from the corresponding transformation proper- 
ties of the single- particle states, cf. Eqs. (|2.53p and ([2.58^ : 

n 

Ui2-n [A, a] = c-'^^"- ^ |{ Ap„ a^}) H ^^V. t^w. iv^,A)] (2.65) 

where Vi := Pi/rrii is the four-velocity of the i*'^ particle. 

2.6.2 Velocity States 

In this section we will introduce another, alternative basis for multi-particle 
states which is associated with the overall and internal motion of the multi- 
particle system. To be more precise, we will define a multi-particle state which 
is specified by the overall free four-velocity of the n-particle system 



(2.66) 
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and the individual ccntcr-of-mass momenta 

k,:=B-'iV)p^, ^ = l,...,n. (2.67) 

Note that the n center-of-mass momenta fci, . . . , fc„ are not independent from 
each other but constrained by the relation 

n 

^ fc, = . (2.68) 

Thus, the centcr-of-mass momentum of the j^^ particle kj can be expressed in 
terms of the remaining n — 1 centcr-of-mass momenta. 

A multi-particle state characterized by V and by the n — 1 {ki} will be 
called a velocity state. It was introduced by Klink in Ref. |Kli98bj . Such a 
velocity state is defined by applying a canonical boost Ui2---n [Bj. {V)] to the 
multi-particle rest state: 

\V;ki,^ii;k2,H2; ■ • . ; A;„,^„) = \V;{ki,^ii}) 

n 

:= ?7i2...„[B,(V)]|{fc„A^,}) = ^|{p„aJ)n^i^M. [RwA^^, Bc{V))] 

(2.69) 

with the internal four- velocities defined by := ki/nii. denotes the canoni- 
cal spin projection of the i"^ particle associated with the multi-particle state in 
the rest frame. 

The action of the four momentum operator on this velocity state can be 
easily evaluated using the transformation properties of P^, Eq. (|2.30p : 

P|:\V;{h,^l,}) = M„V''\V;{k,,^i,}) , (2.70) 

where M„ = X]r=i ^i- Therefore, a velocity state \V; {ki,fii}) is an eigenstate 
of P,^ with eigenvalue MnV^'' . This suggests writing P,^ as the product 

= MnV^' (2.71) 

where 



Mn = JPltPnt. and V^' := (2.72) 

are the free invariant mass operator and the free four-velocity operator, respec- 
tively, transforms like a four-vector operator under Lorentz transforma- 
tions and satisfies the relation V^Vf^ = 1. A velocity state \V; {ki, Hi}) is a 
simultaneous eigenstate of M„ and with eigenvalues M„ = ^^'^ 
= (Vl + V^, V), respectively. \V;{ki, fii}) is also an eigenstate of the 
center-of-mass momentum operators /cf . These operators do not transform co- 
variantly under Lorentz transformations; rather they transform under a Wigner 
rotation in the same way as the spin operator (0, Jg)^, cf. Eq. (|2.4ip . 

The transformation properties of the velocity states under Lorentz transfor- 
mations are given by 

Ui2-n {A)\V;{k,,fi,}) 

n 

= J2 1^^; {^w.(^, A)h, /.a) n [^w. (V, A)] . (2.73) 
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For each massless spin-1 particle occurring in the velocity state the correspond- 
ing Wigner Z?-function has to be replaced by the (4x 4)-diniensional Minkowski- 
space representation of the Lorentz group (cf. Eq. 



D^,^^ [flw. (V, A)] ^ i?w, [KRwSV, A)]^,^^ . (2.74) 

A comparison of the transformation properties of the tensor-product states, 
Eq. (|2.65p . with those of the velocity states, Eq. (|2.73p . leads to the follow- 
ing notable observation: for tensor-product states each Wigner rotation in the 
D-functions depends on a different single-particle four- velocity Vi, whereas for 
velocity states all momenta and canonical spins rotate with the same Wigner ro- 
tation as a consequence of Eq. (|2.44p . This property of the velocity states makes 
it possible to couple canonical spins and orbital angular momenta according to 
the standard addition rules using SU(2) Clebsch-Gordan coefficients |Kh98b) . 

The transformation properties of a velocity state under a space-time trans- 
lation J7i2 - n (a) arc equivalent with those for a tensor-product state if one 
identifies with MnV^ in the exponent of Eq. (|2.65p : 

Ui2-n{a)\V-{K,^i,}) = |l/;{fc„AiJ)e-'*^"^-. (2.75) 

Orthogonality and completeness relations for the velocity states can be derived 
from the ones for the usual tensor-product states. To this we have to transform 
the corresponding integral measures for a system of n particles according 



Ad3p,_ rd3y"-d3fc.(E^^ 

n " y n 2fcj; ' ^'■'^^ 



where fc° := ^/m| + kf for Vi = 1, . . . , n - 1 and fc° := y + (X]"=i ^jY ■ 
Here the n}^^ momentum has been chosen to be redundant without loss of gen- 
erality. Then the completeness relation for the velocity states follows from the 
one for the tensor-product states: 



2fcO 



^^^j. (2^)31-0 \l\ (27r)32fc 
x|y;{A;,;,/i,})(F;{fc„AiJ| 



The corresponding orthogonality relation reads: 

{v'■{k',,^i',}\v■{k,,^ii\) 

= Vo 6HV' V) }^f% f n (2-)'2fc°'53(fc^ - fc,) 



(2.77) 




A derivation of these relations can be found in Ref. |Kra01| . The completeness 
and orthogonality relations, Eqs. (|2.77|) and (|2.78p . have to be modified for 
each occurring photon according to the replacements — > (^—gM^M-,) 

and 5^^^^ ^ (-g^-^^). 
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2.6.3 Clebsch-Gordan CoefRcients 

In the present work we restrict our considerations to systems consisting of n = 3 
and n = 4 particles among which two particles (1 and 2) are coupled together 
forming a composite subsystem (12). The free two-body subsystem (12) is the 
subject of this section in which we proceed along the lines of Refs. |Pol09IIKP91| . 
Since we will work in the velocity-state representation for 3 and 4 particles we 
adopt the notation (|2.69p for the momenta and spins of the particles 1 and 2. It 
should be noted that fci and fc2 can take any value if they denote the momenta 
of particles 1 and 2 in the center of mass of the 3- or 4-particle system. 

The aim of this section is to construct appropriate Clebsch-Gordan coeffi- 
cients of the Poincare group which define a two-particle basis on which U12 {A, a) 
acts irreducibly. This is equivalent to expressing tensor products of single- 
particle eigenstates in terms of linear combinations of two-particle eigenstates 
of the total four momentum such that this eigenstate at rest transforms with 
a (2j + l)-dimensional irreducible representation of the SU(2) with respect to 
rotations [PolOQ] : 

U12 (R) \{m,2,jy,0,fi,) = \imi2,j);0,t,r)Dl,^^ {R) . (2.79) 
Here mi2 is the free invariant mass of the (12)-subsystem given by 



nii2 ~ Y ^12^12^1 with + ^2 ■ (2.80) 
With the free velocity of the (12)-subsystem 

wi2 ■■= — (2.81) 

mi2 

we can define the relative (internal) momentum k of the the (12)-subsystcml^ 

ki B^^ {wi2)ki with i = 1, 2 fci = -fcs • (2.82) 
In this representation the non-interacting mass operator TO12 has the form 



mi2 = y 7711 + k'^ + y ml + . (2-83) 

The velocities of the individual particles in the center-of-momentum frame of 
the (12)-subsystem then read 

k- 

w^--^ with i = l,2. (2.84) 

rrii 

The two-particle state associated with the system at rest is obtained by applying 
a canonical boost U^2^[Bc{'Wi2)] on the state |fci, /^i; A;2, /i2) and multiplying the 



Wigner-D functions to the other side with the help of Eq. (|C.7p 

= YU^2[Bc{wi2)]\ki,lJ.i;k2,lJ.2) 



X 



Dj!^^^ [Sw. {wi,B,{w,2))] Dj^^^ [R^^ {w2,B,{w,2))] ■ (2.85) 



^^Quantitics with a 'tilde' always refer to the center-of-momentum frame of the (12)- 
subsystem. 



26 



Relativistic Quantum Mechanics 



This rest eigenstate of the four-momentum transforms under a rotation in the 
same way as rest eigenstates do in non-relativistic quantum mechanics: 

Ur2iR)\~k,h-:-km) = E |i2fc,/i'i;-fifc,A2>^^;^, [^I^aU • (2-86) 

In the derivation of Eq. (j2.86p we have exploited the special properties of canon- 
ical Wigner rotations, cf. Eq. (j2.44p . Eq. (j2.86p reveals the benefit of using 
canonical boosts that permits to combine spins and angular momenta in the 
usual non-relativistic manner. We can couple the spins ji and j2 of the parti- 
cles 1 and 2 to the total spin s and the total spin and orbital angular momentum 
I to the total angular momentum j by using standard SU(2) Clebsch-Gordan 

coefficients Cj^~,j^p,^ {jijLi; j2, fj.2\s, Hs) and C^'^j^^ := {I, ^n; s, fJ-j) ■ 
Keeping this in mind we introduce 

|0;^;(/,s),j, M,) := E / <^^it')Yi^Mk f^U ~k t^2)q^~^^^^^^ 

(2.87) 

with k := |fc|. k := k/k and dfl{k) being the two-dimensional surface element 

for the angular integration^ Here we have eliminated the angles in k in favor 
of discrete quantum numbers using the usual spherical harmonics Y/^, (fc) := 
(fe|^, 111). The quantum numbers s and I corresponding to total spin and orbital 
angular momentum label degeneracies. The spherical harmonics Y/^, (fc) and 
the Clebsch-Gordan coefficients C/^^^,^ satisfy the orthogonality relations 

dn{k')Y;^, {k')Yi,, ik') = 6u'5^,^, (2.88) 

and |VMK88j 

Mi Ms 

respectively. The rest eigenstate of Eq. (|2.87p has the desired transformation 
properties under rotations as given in Eq. (|2.79p . Applying a canonical boost 
C/i2 [5^,(1012)] on this state gives an irreducible representation: 

\ki2;k; {l,s),j,iJ.j) 

= Ui2[B^{wi2)]\0;k;il,s),j,iij) 

(2.90) 

This state transforms irreducibly under the action of U12 {A,3l), i-e. it has the 
transformation properties of a single-particle state, cf. Eq. (j2.53|) . The states 

^*In this case the 'hat' denotes a unit vector and not an operator. 
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\ki2; k; {I, s), j, fij) defined by Eq. (j2.90|) are simultaneous eigenstates of the 
operators toi2, j^, and fci2. These operators together with the canonicahy 
conjugate operators of fci2 and commute with 77112 |Pol09j . 

FinaUy we write down the Clebsch-Gordan coefficients which are determined 
from Eq. f^I^^ jKP911lPol09) : 

(fci2;fc; {l,s),j,Hj\ki,ni;k2,H2) 

= (2^)6 f dnik)2k°6^{ki - B,{wi2)h)2kl5^{k2 ~ B,{w^2)k2)Yil,, {k) 
Jn 

= (2^)6 / dl](fc)2fc?2<5'(fci2 - fci - k2)-^S\k - B-i(«;i2)fci)r4(fc) 
Jo 'imi2 

(2.91) 

Here we have used the Jacobian determinant f /f^^'^s = ^^12^1 ^2 order to 

o{ki,k2) mi2K^ri^2 

account for the change of variables in the delta functions. This Clebsch-Gordan 
coefficient in Eq. (j2.9ip corresponds to the coupling of 2 particles with canonical 
spin to a superposition of irreducible representations with canonical spin. 

The state vectors in Eq. (|2.90p are eigenstates of commuting self-adjoint 
operators. Their eigenvalues are the quantum numbers labeling the states in 
Eq. (|2.90p . The Clebsch-Gordan coefficient C';"'^^^^^ implies that the canonical 

spin operator jc of Eq. (|2.43p is the sum of 2 other operators I and s, i.e. 

jc^i+s, (2.92) 

whose eigenvalues are I and s, respectively. The other Clebsch-Gordan coeffi- 
cient C'jf^ija/ia ™pli6S that s is a sum of 2 one-body spin operators, where each 
is rotated hy a different Wigner rotation: 

s = Hw. [wi,B-' (1012)] ji + fiwe [w2,B-' {W12)] J2 . (2.93) 

Eq. (|2.92p can be considered as defining equation for the operator I with jc and 
s defined by Eqs. (piigj) and dUSl), respectively |KP91j . 
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In the previous section we were dealing with a free many-body theory. The aim 
of this chapter, in which we proceed partly along the lines of Refs. |KP91[|Pol09[ 
IKra01[IKSK03[IBKSllb| . is to construct a relativistically invariant quantum 
mechanical model with interactions. 

3.1 Introduction 

The usual procedure of incorporating interactions into a free many-body the- 
ory is to add an interaction term to the free Hamiltonian P^^. Simultaneously, 
the Poincarc commutation relations have to be retained in order to guarantee 
relativistic invariancc. As we will sec, the only consistent way of adding inter- 
actions to and retaining the Poincarc algebra at the same time is to include 
interaction terms also in, at least, some of the 9 remaining Poincare generators. 
Encountering some minimal sets of these interaction dependent generators will 
bring up the notion of Dirac's relativistic forms of dynamics. A Poincare invari- 
ant prescription of building up an interacting quantum mechanical model from 
a free theory is the, so-called, Bakamjian- Thomas construction. In particular, 
this construction will be applied to instantaneous two-body interactions and 
to vertex interactions. The instantaneous interactions will be used to formu- 
late a bound-state problem, whose solution provides a two-body wave function. 
The vertex interactions, which are motivated by a local quantum field theory, 
will allow us to set up a relativistic coupled-channel problem in the following 
chapter. 

3.2 The Forms of Relativistic Dynamics 

Wigncr's fundamental theorem of Sec. 12.11 phrases the formal problem of con- 
structing a relativistically invariant quantum theory. This amounts to finding 
a representation of the Poincare generators in terms of self-adjoint operators 
that act on the multi-particle Hilbert space of Sec. 12.61 and satisfy the Poincare 
algebra, Eqs. (j2.10[) - (j2.12p . For a many-body theory without interactions this is 
easily achieved. The multi-particle generators of Eq. (j2.64p . being tensor prod- 
ucts of the one-body generators, trivially satisfy the Poincare algebra. To set 
up an interacting quantum mechanical model is, however, a non-trivial task. 
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Figure 3.1: The space-like hypersurface of Minkowski-spaee x = 0, which is 
invariant under the instant-form kinematic group of spatial translations and 
rotations. Indicated is also the light cone. 



The complication can be seen most easily by taking a closer look at a particular 
commutation relation, namely Eq. (|2.1ip . 

[P\K'']^iS,kP°, (3.1) 

between the generators for space translations and the boost generators K'^. 
This commutation relation already indicates that interaction terms must ap- 
pear in more than just one of the Poincare generators: if interaction terms 
are included in the Hamiltonian P", which is the natural way of doing, i.e. 
P'^ = + i^nt, then K'' or P^ (or both) must be interaction dependent too. 
A particular form of relativistic dynamics is then characterized by the minimal 
set of Poincare generators that have to contain interactions. In Dirac's semi- 
nal paper |Dir49j on the forms of classical relativistic dynamics the interaction 
dependent (dynamical) Poincare generators are called Hamiltonians. The re- 
maining interaction free generators are called kinematic and they generate the, 
so-called, kinematic group. The kinematic group of a form leaves a particular 
space-like (or light-like) hypersurface of Minkowski space invariant. In this way 
there is a hypersurface associated with each form of relativistic dynamics. 

The most prominent forms are the instant form, the front form and the point 
form (for a thorough discussion on the relativistic forms of dynamics we refer to 
Rcfs. [Dir49IIKP9 lllKraO Ij ) . The instant form is the standard form characterized 
by the set of dynamical generators given by {P^,K^,K^,K^}. Its kinematic 
group consists of spatial translations and rotations leaving the hypersurface of 
the instant x° = invariant. This hypersurface is depicted in Fig. 13.11 In the 
case of the front form the hypersurface left invariant under the action of the 
associated kinematic group is the light front x'^ + = 0, which is illustrated in 
Fig. 13.21 A special feature about the front form is the fact that it has the largest 
kinematic group containing 7 generators. The remaining 3 dynamical generators 
arc given by {P° — P^, — ,P , + J^}. Among the three forms the point 
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Figure 3.2: The light-like hypersurface 
form (together with the light cone). 



associated with the front 




Figure 3.3: The forward hyperboloid x^^x^ = r^, which is invariant under the 
Lorentz group, the kinematic group of the point form (together with the light 
cone). 



form is the least known and, although it has definite virtues, the least utilized. 
The kinematic group of the point form is the Lorentz group, which leaves the 
hyperboloid x^^x^ ~ (plotted in Fig. 13. 3|) and in particular the point = 
invariant. The point-form set of Hamiltonians is given by {P°, P^, P^, P^}, 
which provides a clean separation of Poincare generators that are interaction 
dependent from those that are interaction free. The former are components of 
the four-vector P^ whereas the latter can be combined into the antisymmetric 
Lorentz tensor M^"^, which has been already introduced in Sec. 12.21 This permits 
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to express equations in point form in a manifestly Lorentz covariant form and 
makes for simple behavior under Lorentz transformations. The conditions for 
Poincare invariance can, e.g., be phrased in terms of the point-form equations 

[P'^,P'']=0 and U{A)P''U\A) ^ {A~^)''^P'' . (3.2) 

Here the Lorentz part of the Poincare commutation relations has been integrated 
out, which is possible due to the kinematic nature of the rotation and boost 
generators. 

3.3 The Bakamjian-Thomas Construction 

By looking at the commutation relations involving the dynamical Poincare gen- 
erators it is evident that the interaction terms are, in general, subject to non- 
linear constraints. It has been already realized by Dirac in Ref. |Dir49| that such 
conditions imposed by the Poincare algebra are in general not easily fulfilled. 
This makes the problem of constructing a Poincarc-invariant few-body quan- 
tum theory quite intricate. A particular solution to the problem of finding a 
consistent set of the 10 Poincare generators for an interacting quantum mechan- 
ical system with finitely many degrees of freedom is the, so-called, Bakamjian- 
Thomas construction proposed by Bakamjian and Thomas in Ref. jBT53| . This 
construction is summarized as follows (for a detailed discussion we refer to 
Refs. |KP911lKra01j ): One starts with the non-interacting Poincare generators, 
Eq. (|2.64p . which satisfy the Poincare algebra trivially. From these generators 
one constructs a particular set of auxiliary operators which depends on the form 
of dynamics. The Poincare algebra requires certain commutation relations be- 
tween these auxiliary operators. One of these operators is always the free mass 
operator M„. In the next step an interaction term Al-mt is added only to this 
mass operator to obtain an interacting mass operator 

M = Mn + Mint . (3.3) 

This interaction has to commute with all auxiliary operators such that the 
commutation relations between the auxiliary operators remain satisfied. This 
imposes linear constraints on the interaction terms which are, in general, easier 
to satisfy than the non-linear constraints imposed by the Poincare algebra. In 
the final step the interacting Poincare generators are (re-)constructed by sim- 
ply replacing the free mass operator with the interacting mass operator in the 
expressions that define the generators in terms of the auxiliary operators. The 
commutation relations between the auxiliary operators imply that the Poincare 
algebra is satisfied. This ensures relativistic invariance of the interacting quan- 
tum mechanical model resulting from this construction. 

Instant Form 

It is clear that the set of auxiliary operators depends on the set of dynamical 
generators and is therefore different for each form of relativistic dynamics. In 
the instant form the auxiliary operators are given by Mn,Pn,Xc,J'^,Jc 
the operator canonically conjugate to J^. Equivalently, one can take the set 
{M„, P„, Jc, In this case the only generators that arc mass dependent and 
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therefore become interaction dependent arc the Hamiltonian P° and the boost 
generators K, cf. Eqs. (|2.33p and (|2.48p . The instant-form conditions on the 
interaction term ensuring Poincare invariance read 

[Mint , Pn] = [Mnt , Jc] = [A/int , X,] = . (3.4) 

Point Form 

If the Bakamjian- Thomas construction is carried out in the point form the 
set of auxihary operators is given by {Mn,V , MnXc, Jc} or equivalently (cf. 
Eqs. (PTf| and ([133)) by {M„, V, K„, J„}. Then the resulting interacting 
four-momentum operator is seen to separate into an interacting mass oper- 
ator M and the free four- velocity operator V^, 

= PH + P.^^, = (//„ + Mint) V'' ■ (3.5) 

The point-form equations (j3.2p imply that the interacting part of the mass 
operator Mint must be a Lorentz scalar that has to commute with the free 
velocity operator, i.e. 

[Mint, V""] = [MintJin = . (3.6) 

Equivalently, these point-form conditions on the Bakamjian-Thomas type mass 
operator Mint can be rewritten in terms of the operators Xc and Jc as 

[Mint, F^] = [Mint, Xc] = [Mint, Jc] = . (3.7) 

Remarks 

One benefit of the Bakamjian-Thomas approach is that the operator for the 
total spin Jg of the interacting system is not affected by interactions. 

Furthermore, the Bakamjian-Thomas framework allows one to construct 
Poincare invariant models with instantaneous interactions, i.e. action at a dis- 
tance. What one loses with instantaneous interactions as compared to a local 
quantum field theory is, however, microscopic locality. Microscopic locality, 
which is sometimes also called Einstein causality or microcausality, roughly 
means that 2 observables commute if they are associated with 2 different re- 
gions of space-time that are separated by an arbitrarily small space-like dis- 
tance jSW00[|KP91| . It is possible to find infinitely many such independent 
observables for every finite space-time volume which implies that microscopic 
locality requires an infinite number of degrees of freedom. Therefore, in a rela- 
tivistic quantum theory with a finite number of degrees of freedom this property 
of microcausality is replaced by the weaker condition of macroscopic locality, 
which is sometimes called cluster separability or macrocausality jFol61j . For 
a definition of macrocausality one simply replaces 'arbitrarily small' by 'suffi- 
ciently large' in the definition of microcausality. In other words, macrocausality 
means that disjunct subsystems of a quantum mechanical system should behave 
independently from each other, if they are separated by sufficiently large space- 
like distances. It turns out that it is the condition of macrocausality (and not 
microcausality) that can be tested by experiments jKP91| . 

As we will see, however, already for systems consisting of more than 2 par- 
ticles, the Bakamjian-Thomas framework will violate not only microcausality, 
but also macrocausality. 
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3.4 Two-Body Interactions 

Our aim is to find a two-body interaction defined on a three-particle Hilbert 
space within a point-form Bakamjian- Thomas framework. This means that we 
have conservation of the overall four-velocity of the three-particle system, i.e. 
the incoming and outgoing four velocities are equal. At the same time, the 
incoming and outgoing three-momenta of the non-interacting particles satisfy 
spectator conditions. These 2 requirements imply that the four-velocity of the 
interacting two-particle subsystem cannot be conserved. Therefore, wc cannot 
directly use the point-form Bakamjian-Thomas construction on the two-particle 
Hilbert space to define the two-body interaction on the three-body Hilbert space. 
One way to satisfy the above requirements is to define the two-body interac- 
tion on the two-particle Hilbert space in a way that resembles the instant-form 
Bakamjian-Thomas framework and then imbed this two-body interaction con- 
sistent with the point-form Bakamjian-Thomas framework into the three-body 
Hilbert space. 



3.4.1 Two-Body Mass Operator 

It has been mentioned already that instantaneous interactions can be used 
within the Bakamjian-Thomas framework without losing Poincare invariance. 
In this section we concentrate on the incorporation of instantaneous two-body 
interactions into a quantum mechanical model. 

To this end we use an instant-form Bakamjian-Thomas construction formu- 
lated on a two-particle Hilbert space. In our rather brief discussion we follow 
closely the more detailed disquisitions of Refs. |Pol09[lKP9T| . In Sec. \2K^ 
wc have derived a basis for free two-particle states given by |fci2; k; {I, s), j, fJ.j) 
which transforms irreducibly under the non-interacting unitary representation 
Ui2 (AiO)- The free invariant mass operator mi2 of the two-body system in this 
representation was given by Eq. (j2.83p . An interaction between particles 1 and 
2 is introduced by adding an interaction operator mint to the free mass opera- 
tor according to Eq. p.3p to obtain a total mass operator for the two-particle 
cluster C: 

fhc mi2 + mint • (3.8) 

Poincare invariance requires that the instant-form set of the auxiliary operators 
{toc, fci27 Jc, s^c} satisfies the same commutation relations as {toi2, ^12, Jc, sjc} 
which implies the instant- form constraints Eq. p.4p on m\nt' 



fcl2, mint 



= [ic,mint] =0. (3.9) 



From these conditions on mint we infer that matrix elements of mint in the 
non-interacting representation |fci2; k;l,s, j, fij) can be written in the form 

(^'^ fij\mint\ki2;k; {I, s), j, ^j) 

= S,y6,^^,{2nf2k°,^S^ (fci2 - k[,) {k';l',s'\\mlJ\k;l,s) . (3.10) 

Here the reduced kernel {k' ;l' , s'\\rhl^^\\k;l, s) is independent of the total two- 
particle momentum fci2 and the total spin projection fij. The eigenvalue prob- 
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lem for the mass operator rhc is given by 

(^\/ml + k^ + \/ml + k^ + mint^ l^'c) = mc\^c) ■ (3.11) 

In the present work we concentrate on the study of bound states^ Therefore, 
the eigenvalue equation p.lip is considered to be a bound-state equation leading 
to a discrete spectrum of rhc. The eigenvalues of rhc will be denoted by m„ 
where n = 0,l,2,... is the quantum number for radial excitations. 

We have constructed rhc in such a way that it satisfies the same commu- 
tation relations as mi2, i.e. it commutes with the remaining (free) auxiliary 
operators j^, j^, fci2, Xc and the operator canonically conjugate to [Pol09| . 
Thus, there exist simultaneous eigenstates of rhc, j'cj Jc ^12 denoted by 
\ki2',rnn,j,^ij) = \ki2',n,j,^j). These states transform irreducibly under the 
action of Uc (Ai Ql) and thus define a dynamical representation of the Poincare 
group. It is simply obtained by replacing all eigenvalues mi2 by m„ in the 
non-interacting representation defined by the action of U12 {A, a) on the non- 
interacting states \ki2; k, (l, s), j, Hj) [KP91| . Then, the four-momentum of the 
interacting two-particle cluster is given by 

fcc := ) fcc \Jkl2 + ^2 . (3.12) 

Bound- State Wave Function 

Solving the bound-state problem Eq. (|3.11l) leads to mass eigenfunctions of the 
form 

(fe'12;^'; {l',s'),j',n'j\ki2;n,j,fij) 
= N25,r5^.,^'f (fci2 - k[^) <,,,,(fc') (3.13) 

where N2 is a normalization constant. From Eq. (|3.13p . using Eqs. (|2.90p 
and (P?gT|l together with the relations Eqs. (|C.5|) . and ([123), we ob- 

tain a representation of the eigenfunctions in terms of constituents' degrees of 
freedom 

{k[, k^, H2\ki2;n, j, fij) = TVsJ^ (fci2 - k[ - fej) !f„j>^^;^j, (fc') , 

(3.14) 

where N2 is a normalization constant and with the wave function defined by 

xD^)-^ [R^^ iw[,B,{w[,))] D^^^ [Ew. {w',,BM2))] ■ (3.15) 
We normalize this wave function to unity: 

/ d'fc' E •^n.M.^^i (fc')'^.',>»i (fc') = • (3-16) 

^From now on wc will also refer to the particles 1 and 2 as the constituents ci and C2 of 
the bound state C. 
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3.4.2 Embedding into a Three-Particle Hilbert Space 

In the next step we embed the two-body interaction defined by Eq. (|3.10p into a 
three-body Hilbert space of a system consisting of the two interacting particles 
1 and 2 plus an additional spectator particle denoted by eH To this end we 
pursue a similar strategy as presented in Rcf. jKP91| . 

In the velocity-state basis of Sec. l2.6.21 the free three-particle system is repre- 
sented by the state vector \V; fci, /^i; ^2, A*2; (^o), ^J■c)■ The momentum in brack- 
ets is redundant since the momenta occurring here are subject to center-of- 
mass constraints, cf. Eq. (j2.68p . With the help of the Clebsch-Gordan co- 
efficients for the Poincare group, Eq. (|2.9ip . we can perform a basis change 
to \V;ki2,k,{l,s),j, iij]{ke), ^J.e)- In this basis we define the interaction on 
the three-body Hilbert space by simply including another Dirac delta function 
and 2 other Kronecker deltas in the definition of the two-body interaction in 
Eq. (|3.10p . The additional delta function corresponds to overall- velocity con- 
servation and is given by V'^S'^{V — V). The 2 additional Kronecker deltas 
Sjj' and SmjM'j correspond to the total angular momentum of the three- 
particle system IJc'''] = \jc^ + jc}i\ and its projection into the 3-dircction 
AIj^ = pf'p + \ respectively. Therefore, due to the Kronecker delta 5^-^'. 
occurring in Eq. (|3.10p (implying /ij = /i^), we can replace SmjM'j by 5^l^^i'^- 
Furthermore, due to the centcr-of-mass kinematics for velocity states, we can 
use 5^{ki2 — k'12) ~ S^{kc — k[,). With these manipulations the definition of the 
two-body interaction on the three-body Hilbert space reads 



{V; k[.2, k', (/', s'),j',n'j; (fc^), /^;,|?7iint|V"; fci2, fc, (l, s),j, nj; (fee), /^o) 

:= NV°S^V - V')%"5^,A.^'5^oMi^'(fcc - I' , s'\\mfj\k; l,s) , 

(3.17) 



where A'' is a normalization constant which is not fixed for the moment. The 
interaction mint satisfies the following commutation relations with the operators 
of the non-interacting system: 



The first commutation relations Eq. p.lSp are identical with the conditions of 
a point-form Bakamjian-Thomas construction (cf. Eq. p.7p ) which means that 
Eq. (j3.17p defines a point-form Bakamjian-Thomas type mass operator. The 
commutation relations p.l9p follow from Eq. p.9p and can be viewed as specta- 
tor conditions for the additional particle which has been assumed to be a non- 
interacting spectator. Note that Eqs. p.lSp and p.l9[) imply that [mint, Jc] = 0, 
which corresponds to the Kronecker deltas S^.^j,', and 6jj' in Eq. p.l7p . Further- 
more, [mint, fee] = is equivalent to [mint, ^12] = since fci2 = —fee- Hence, the 
commutation relations on the two-body Hilbert-space, Eq. p.9p . remain valid. 
Eq. p.l7p reveals that in a velocity-state representation of a Bakamjian-Thomas 
type model the overall velocity of the system can always be factored out as a 
velocity-conserving delta function, leaving the part for the pure internal motion. 

^'e' will stand later for 'electron', not to be confused with the elementary charge. The 
distinction between them should, however, be clear from the context. 




(3.18) 
(3.19) 
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Four-Momentum Operator 

The next objective is to find a representation of tlie four-momentum opera- 
tor corresponding to the interaction of Eq. p.l7p on the three-body Hilbert 
space. To this end we define the interacting mass operator associated with the 
interacting pair and the spectator particle by 

Mce := \lkl + rhl + kl + ml . (3.20) 

Then we can determine the two-body interaction on the three-body Hilbert 
space by subtracting the free mass operator A'/i2c from Eq. (j3.20p : 

Afint := Mcc - Mi2o . (3.21) 

This operator satisfies the same commutations relations as rnint, cf. Eqs. (|3.18p 
and (|3.19l) . Finally, the interacting four- momentum operator associated with 
Mec of Eq. ((3?20)l is easily obtained from Eq. (|33)) : 

= M^cV^ . (3.22) 



Bound-State Wave Function 

Next we look at the matrix elements of free and clustered velocity states 
(y']k'l,^'l]k2,^JL'2]{k'e)^^^'o\y\kl2^n,j,^j]{kc),^J.c) which define the two-body 
wave function on the three-body Hilbert space. As a consequence of Eq. (j3.17p 
they have the general form [KSK03| 

(y' ; k[,^[;k'2,^i2; ik'^),fi'^\V; ki2,n,j, ny, (fee), Mc) 
= N^V^SHV - V')S^^^,S^ (fee - K)^njf.,f.',^',{k') , (3.23) 

where we have used Eq. (|3.14p together with the relation (fci2 — fc'i — fe2) = 
i5'^ (fee — k[.). k' is the momentum of particle 1 in the center of momentum of 
the free (12)-subsysteni (cf. Eq. (|2.82[) ). The normalization factor occurring 
in Eq. (j3.23p is fixed by the normalization of the states \V; fci2, n,j^ fij; (fee), Mc), 
cf. Eq. (PT75)) . which reads 

{V"; k'l2.n",f, Ai"; (fee ), A^e 1^; ki2,n,3, ^i,; (fc^), Mc) 
= {2T:fV^5^{V - V")^§^5\k^2 - k'i2)5nn"5n"5^.,^'^5^^^. . 

(3.24) 

is computed as follows: first we insert the three-particle velocity state unit 
l'i2c of Eq. (|2.77p into the bracket of the left-hand side of Eq. p.24p and use the 
Jacobian 

d^fci d^fce (fcO + fc° + fcg)3 ^ d^fce d^fc 2(fc° + fcg) (fc?2 + fcg)' 



•^With clustered velocity states we mean velocity states which describe a n-particle system 
where particles 1 and 2 form a bound system. 
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After performing the V- and fe^-intcgrations together with the sum over /i^ the 
left-hand side of Eq. p.24p becomes 



(y"; fc'1'2; m"; (fee ), A'e |i'i2cl^; ^12, n,j, (fee), a*c> 

X / <1S!(*') *,;..,v>lf;(*')*"»,rici*') ■ (3^26) 

Mi Mi 



With the normahzation of the wave function, Eq. p.l6p . and from comparison 
of the resuh with the right-hand side of Eq. p.24p . we finahy infer that the 
normahzation factor has the form 



, \i5/2 / '2ik'2 / ^^(j^^c / 2kj^'2'2k^ . c\'-7\ 



Transformation Properties 

In this subsection we investigate the transformation properties of the wave func- 
tion 'I'njfj.jfj.^n'^if^) under Lorentz transformations. For simphcity, we restrict 
ourselves to a wave function with I = 0, which is often referred to as s-wave. In 
this case the Clebsch-Gordan coefficients and the spherical harmonics are simple 

expressions given by Cqos^i^, ~ ^sjSfj^^j and Yoo{k') ~ 1/\/Att. Then, from the 
normalization condition of the wave function, Eq. p.l6[) , using the property of 



the Wigner D- functions, Eq. ()C.5p . together with the orthogonality relations for 
the Clebsch-Gordan coefficients, Eq. (|2.89p . we find the following orthogonality 
relation for the radial wave function w„o(fc) = ul^oji^)' 



dfcP<,o(fc)u„o(fc) =5™'. (3.28) 







We start our analysis by Lorentz transforming the matrix element of 
Eq. (IX^ : 

(F'; fe'i , Ai'i ; fc2 > ; A*o I ^; fei2 , J, t^j ; a^c) 

{V';k[,fi[;k'2,fL2',K\V;ki2,n,j,fLj;fLc). (3.29) 



Here we have dropped the dependences on the (redundant) momenta fee and 
fcp- From the transformation properties of velocity states under Lorentz trans- 
formations, Eq. (j2.73p . we can rewrite the transformed matrix element in terms 
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of the original one (using the short-hand notation = Ryj^(y^'\ A)): 

{V'; k[,fl[;k!2, p.'^, Mcl^; ^12, n, j, flj;flc) 

= {AV'; fiwc ^1 > Ml ; -Rwc ^2 > M2 ; Mc I ; -Rw, kc;n,j, ^ij ; ^o) 



ZjA,-] ^ixj'-) / fh Zj r\j I ^Ai-|^2^"'i-i 



V 2(fcf + fc^") V (fee + fcc")^ V (fci"2 + 

xV'SHV - V')S^^^,S' (fee - K)^n,^^^,^-{k') 
xDir^,[R^SV,A)] Dir^,[R^^{V,A)] 

xi^^^,p, • (3-30) 

Here we have used Lorcntz invariancc of the delta functions and the fact that 
energies are not affected by (Wigner) rotations of the momenta. Note that under 
a Lorentz transformation the cluster center-of-mass momenta undergo the same 
Wigner rotation as the center-of-mass momenta of the three-particle system: 

k[ = B-\RwAV,A)w[2)RwciV,A)k[ 

= B-\Rw^ {V, A)w[^)Rw^ {V, A)B,{w[^)~k[ 

= RwAw[2,RwAV^^))ki 

^ RwAV,A)k[. (3.31) 

Since a pure s-wave depends only on the magnitude of the three-momentum, 
which is not affected by a rotation, we have ^njtijpL'^n'^k') = If'nj^^^/ (fc'). 
Comparing Eq. p.30p with Eq. p.23p we can read off the transformation prop- 
erties of the wave function under Lorcntz transformations: 

-^n,,,,^,^(k')D^,^, [Ry,SV,A)]D^^,^, [^w.(^,^)]^K.. [^w.(^,^)] ■ 

(3.32) 

In App. lC.3l we also derive the transformation properties of the Clebsch-Gordan 
coefficients under Lorentz transformations which read 

(3.33) 



3.4.3 Extension to Four-Body Hilbert Space 

The procedure of embedding two-body interactions into a three-body Hilbert 
space can be easily generalized to a n-body Hilbert space. For our purposes 
we consider a four-body Hilbert space of a system consisting of the interacting 
pair 1 and 2, the spectator e and another massless spectator 7 ('7' stands for a 



40 



Dynamical Representations 



photon). Instead of going explicitly through an analogous procedure as above 
we simply list the most important results which will be needed in the following 
sections. The total mass operator for the four-particle system is given by 



Mco7 ■.= \lkl + fnl + ^Jkl + ml + \k^\. (3.34) 
The two-body wave function is defined via the velocity-states matrix elements 

by 

{V; k[,fi[; (fcj), /^2; f^'ci fc^, /^^l^; (^12); n,j, ^J.j;ke, He] k.y,fi^) 



.21/2 / 2fcf2lf / 2fc^2fcg2fc!; / 2k[%2k'02k'0 

^ V 2(fci" + fc^") V (fcO + fcO + fc0)3 Y {k[% + k'O + fc;0)3 

x6%V - V')S^^^,5^ (fee - fc^) {-g,,,'JS^ {k, - fc;) ^nn^^^^'Sk') . 

(3.35) 

The orthogonality and completeness relations of this basis vectors are given by 

{V';k[2;n',j',n'j; {k'J, fi'^; k'^, n'^\V; ki2,n, j, fij; (fee), a^o; fc^, M7) 

9k°9k" 

x<5p„Mi ''^)2fc°'53(fc^ - ^) (3-36) 



and 



IC07 



1 f d^Vd^ki2d^Kik°c + k° + k"y)^ 



(27r)9 J V° 2fcO 2fcO 2fcO 

H (-g''''^"')l^;fci2.'^>.7>j;('Sc),Aic;fc^,M7> 
x{V;ki2,n,j,fij; (k^) , k^ , , (3.37) 



respectively. 



3.4.4 Cluster Properties 

We have already mentioned that the concept of macrocausality (or equivalently 
cluster separability) becomes questionable within a Bakamjian- Thomas con- 
struction for relativistic quantum mechanics of more than 2 particles. In this 
subsection wc follow closely Ref. jKP91| and discuss the most simple non-trivial 
case on this issue, the (2-|-l)-problem of a pair C of interacting particles 1 and 
2 and a non-interacting spectator c. What follows applies equally to 2 or more 
non-interacting spectators. Cluster separability requires that, if the spectator 
is separated by a sufficient large space-like distance from the cluster, then both, 
the cluster and the spectator, should behave as independent subsystems. In 
other words, all relevant physical properties of the (12e)-system should also 
hold for the (12)-subsystem. With relevant physical properties in the context 
of cluster separability we mean the relativistic transformation laws |KP91j . 

In order to find a mathematical formulation of the condition of cluster sep- 
arability wc consider a Hilbcrt space of the (2+l)-systcm, which is the tensor 
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product of the Hilbcrt spaces of the cluster and the spectator. A unitary repre- 
sentation of the Poincare group on this Hilbert space is then given by Eq. (|2.63p : 

Uce (A a):^Uc {A, a) ® {A, a) . (3.38) 

Here Uc {A, a) and Uc {A, Ql) are unitary representations associated with the 
interacting pair and the spectator, respectively. Both these representations are 
assumed to have the same relativistic transformation properties as the whole 
(Ce)-system. From Eq. p.38p we can define translation operators by 

fc{a) ■.= Uc{h,a)(E>U and f,{a) := Ic <E) Uc{h,a) (3.39) 

that translate the interacting pair and the spectator by a^, respectively. Ad- 
ditionally, we consider an interacting representation U (^A, a) of the Poincare 
group associated with the interacting (Ce)-system. This representation satisfies 
cluster separability if it satisfies the, so-called, cluster condition jKPQlj : 

hm {^\fl (M n {Ac) I U [A. a) - Uco (A, a) } {b) t ic)\W)=0. 

(3.40) 

This condition can be interpreted in the sense that for infinitely large space-like 
separations of the subsystems C and e, U {A, a) becomes identical to the tensor- 
product representation Ucc{AiQl)- For infinitesimal Poincare transformations 
the cluster condition Eq. p.40p can be written as a cluster condition on the 
generators jKP91) : 

lim {^\flib)f^{c){G-Gc.}fcib)tic)\W)^0. (3.41) 

Here the infinitesimal generators Gce = {-fcc -^Cel tensor-product rep- 

resentation, Eq. p.38|) . arc given by Eq. (|2.64[) : 

^Cc = ® ic + ic ® and M^^ = m^^ (E}ic + ic® ■ (3.42) 

In our case of the point form the generators of the cluster are 

Pc = Pi2 + Pint and m^^ m?^^ ^ rn^'^ 12 + li ® m^^ . (3.43) 

G = {P^jAf'^} are the generators formally obtained from the derivative of 
U (yl, a) with respect to the parameters for vanishing values of the parameters, 
cf. Eqs. firm and f!Tm . 

The physical interpretation of the cluster condition, Eq. p.4ip . is quite obvi- 
ous [KP91| : cluster separability is satisfied if the total energy, linear and angular 
momentum of the (Ce)-system in the cluster limit is equal to the sum of the in- 
dividual energies, linear and angular momenta of the cluster and the spectator, 
respectively. 

With a condition for macrocausality at hand we are now able to investigate 
the cluster properties of the representation of the Poincare group associated 
with the point-form Bakamjian-Thomas construction derived in the previous 
sections. The generator of interest in our point-form formulation is the inter- 
acting four-momentum operator given by Eq. p.22[) . For simplicity, we can 
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restrict our considerations (without loss of generahty) to separation operators 
being pure spatial translations Ti{a) ~ e'^* ". Then the left-hand side of the 
cluster condition, Eq. p.4ip . for the point- form Bakamjian- Thomas generators 
P'' of Eq. (p:^ reads 



lim (!f|c-i(Pc b+Po c) fpM 1 (,i(23c•b+^5c•c)|^^, 

|b— c|— >oo L J 

= lim (tf.|c-'(P-'>+P. c) (p,^ p, \ ,i(pc b+P. c)|^^ (3 

|o— c|— >oo ^ J 

where wc have used that — P^2c + ^int ^^'^ ^Cc ^ A^o + A'2int c froi^i 
Eqs. p.2ip and p.42p . respectively. Since Pf2int o commutes with pc and Pe by 
definition, the exponentials cancel in the second term of Eq. p.44p : 

hm (*'|e-'(^-''+^'-)pr2int,cC'^^^-'+^^'-'=^l'^> = (f |A'2int.el*') ■ 

|o— c|— >-oo 

(3.45) 

The first term of Eq. p.44p can be rewritten in terms of the operators V and 
fee with kc = {\J -|- k^, —fee) as 

lim ^^|c-i(Bc(V)fcc-b+Bc(V)feo-c)^.^^^yA.gi(Bc(V)fcc-b+Bc(V)fe^ 
|b— c|— ^oo 

= lim (iZ'|l7^e-'^<^('^'^'= ''Mnte'^'^('^)'='= ''|tf') . (3.46) 

|b|— ^oo 

Here we have used that commutes with fee and tjiq = mi2 -I- mint . We have 
further used that Mint commutes with V^^ and fee- Note that from Eq. \2A\ we 
have 

B,{V)kc = ^Jkl+mlV - fee - ■ kc) ■ (3.47) 

We observe that only the first term of this expression does not commute with 

Afint since it involves the operator k which occurs in rhc, cf. Eq. (|2.83p . Using 
this, Eq. p.46p can be further reduced to 



lim (<f e"' V™^+'^'^-''Mi„t e' V^'^l+^iv-b^^^ ^343) 

|b|— foo 

This expression has a similar structure as a corresponding expression in an 
instant- form analysis of Ref. |KP91j . Therefore, we can use similar arguments 
as therein: under certain assumptions (for details we refer to |KP91| ) about 
the regularity of the interaction and the wave function it can be shown that 
expression p.48[) vanishes, whereas in general Eq. p.45[) does not. This repre- 
sents a violation of the cluster condition, Eq. p.4ip . for the Bakamjian-Thomas 
generators P*" of Eq. ((3?22l) . 

The vanishing of p.48p indicates the vanishing of the interaction between 
particles 1 and 2 in the limit where the non-interacting spectator is separated 
by an infinite large space-like distance. This means that the physical properties 
of the interacting pair are not independent of the non-interacting spectator. 
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The problem is inherent in the definition of the cluster wave functions from 
velocity states for more than 2 particles, see, e.g., Eq. p.23p . In particular, 
the wave function depends on the energy of the spectator which is reflected 
in a /Cg -dependence of the normalization factors of Eq. p.27p . Likewise the 
wave function changes in the presence of additional non-interacting particles. 
This change is essentially proportional to the fraction of the cluster binding 
energy over the invariant mass of the whole system. This indicates that, if the 
invariant mass of the whole system is made sufficiently large, the effects of wrong 
cluster separability properties should be minimized or in particular cases even 
be eliminated. 

3.5 Quantum Field Theoretical 
Vertex Interactions 

Up to now we discussed only instantaneous interactions. In order to set up 
a relativistic multi-channel problem we need interactions which describe parti- 
cle creation and annihilation. The definition of such quantum field theoretical 
vertex interactions within our point-form Bakamjian-Thomas framework is the 
subject of this section. It relies on the ideas of Refs. jKli03a[|Kra01| . 

3.5.1 Field Operators 

The first step towards a field theoretical vertex interaction is the construction 
of field operators. In the present section we will consider only fermion-photon 
vertices with the fermion field being a (anti-)quark, nucleon or electron field. 

Dirac Fields 

The field operators for a charged massive spin- 1/2 fermion field read 

^^^^ = (2^)^/0 ^ (c'P-T;.(p)4(p)+e-'^-^u.(p)c.(p)) (3.49) 

and 

^("^^^ (2^)^/0 ^ (e-'P-^f;.(p)d;(p)+c'^-S<,(p)ct(p)) . (3.50) 

i/^a (a;) with a = 1, ... ,4 transforms under Poincare transformations with the 
four-dimensional matrix representation of the SL(2,C), which has been intro- 
duced in Eq. (^121): 

UiA,a)^ija{x) U\A,a)^ Saf}iA-^)rpi3{Ax + a). (3.51) 

With the help of Eq. (|B.13p the transformation properties of the adjoint field 
operators follow immediately: 

UiA,a)rpaix) U\A, a) = i^p {Ax + a) Sp^iA) . (3.52) 
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Ua-{p)a and Va-{p)a are the Dirac four-spinors defined by the action of a canonical 
boost on tlie spinors in the rest frame: 

Ua{p)a = Sal3[B^{v)]Ua{0)i3 , (3.53) 
Va{p)a = Sc.fs[B^{v)]v,{0)p. (3.54) 

They correspond to fermion and anti-fermion solutions of the Dirac equation, 
respectively: 

iY'p^ - to) (p) = and (7>^ + m)v^{p) = 0. (3.55) 

The explicit forms of the spinors are fixed by the representation used for the 
7-matrices. In the standard representation, which will be used throughout this 
work, the spinors are given in App. IB. II The adjoint Dirac spinors defined by 
Ucr{p) '■— u\{p)^^ and Vcr{p) := v\{p)^^ satisfy the adjoint Dirac equation: 

u^{p){l^P^,-m) = Q and v^{p) {^Pt, + m) = . (3.56) 

The operators c\{p) {ca{p)) and dl{p) {da{p)) are creation (annihilation) op- 
erators for fcrmions and anti-fermions, respectively. They act on the, so-called, 
Fock space which is the direct sum over all tensor products of single-particle 
Hilbert spaces. The vacuum state |0) of this Fock space is defined via the action 
of the annihilation operators: 

c,(p)|0) =d,(p)|0) =0. (3.57) 

A n-particle tensor-product state containing (anti-) fcrmions is obtained by ap- 
plying n creation operators for (anti-)fermions to the vacuum state. Hence, for 
a n-fermion state, for example, we have 

4i(Pl)42(P2)---4„(Pn)|0) = |pi,CTi;P2,Cr2;---;Pn,Cr„) . (3.58) 

For each anti-fermion occurring in Eq. (j3.58p the corresponding fermion operator 
cjj. (p,;) has to be replaced by d\.{jpi). The creation and annihilation operators 
satisfy the following anti-commutation relations: 

{C.(P),4'(P')} = {dAp),dUp')] = (2^)32p"<53(p_p')j^^, . (3.59) 

They are fixed by the normalization of the massive one-particle states Eq. (|2.5ip . 
All other anti-commutators vanish. 

Maxvirell Field 

A field operator for a neutral massless spin-1 boson field, such as a photon, is 
given by 

(2^/ S^^"^''^ (e'^-e^(p)ai(p)+e-'^-.r(p)a.(p)) . 

(3.60) 

The field operator [x) transforms under a Poincare transformation with the 
usual four-dimensional matrix representation of the Lorentz group Eq. (|2.6|) : 

U{A,a)A^'{x)U\A,a) = {A-^Y^A'' {Ax + a). (3.61) 
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The appropriately orthonormalized photon polarization vectors e^(p) are most 
conveniently expressed as the components of the helicity boost matrix (p) = 
Bh{p)^^ |Kli03b) , which satisfy the completeness relation 

j2^xiP)i-s'')eT{p) = (3.62) 

A=0 

The operators a\^{p) and a\{p) are photon creation and annihilation operators, 
respectively. They satisfy the commutation relations 

All other commutators vanish. d\ annihilates the vacuum state |0): 

aA(p)|0)=0. (3.64) 

3.5.2 Vertex Operators from Interaction Densities 

In a velocity-state basis the Bakamjian-Thomas type four-momentum operator, 
Eq. p.5|) . becomes diagonal in the total four- velocity V^. This is a special fea- 
ture of the Bakamjian-Thomas construction which, in general, docs not hold 
for arbitrary interacting relativistic quantum theories. It is, in particular, not 
possible to factorize the four-momentum operator of an interacting point-form 
quantum field theory into a product of a four- velocity operator and an interact- 
ing mass operator, cf. Ref. [BKSZ08] . Therefore, vertex operators responsible 
for photon emission and absorption cannot directly be taken from point-form 
quantum electrodynamics. One rather has to make the approximation that the 
total four- velocity of the system is conserved at the electromagnetic vertices to 
end up with a Bakamjian-Thomas type mass operator. In Ref. |Kli03a| it has 
been demonstrated in some detail that this is a natural way to implement general 
field theoretical vertex interactions into a Bakamjian-Thomas type framework. 

Constituents 

We start our discussion by looking at the interaction of a photon field with 
the constituents and the electron. To this end we consider a field theoretical 
interaction density Cint{x) for spinor quantum electrodynamics |BD64| . It is 
given by the normal ordered product of the field operators defined above: 

- : J^{x)A^{x) : - : J^{x)A^{x) : 

- I e I Qe : ^aixh''Mx)A^,{x) : . (3.65) 

^int{x) describes the coupling of a photon field to the 2 spin-1/2 constituent 
fields and to the electron field. The J^{x) are current operators of the con- 
stituents and are given for point-like constituents like, e.g. quarks, explicitly 

by Jl^{x) = I e I Qq'ipq{x)j'^^pq{x). The transformation properties of the fields, 
Eqs. p.5ip and p.52p . together with Eq. (|B.15p imply that the fermion cur- 
rent of the form {l>{x)^^'il}{x) transforms like a vector field (cf. Eq. p.6ip ). 
Furthermore, it satisfies current conservation: 



— J^{x)=Q 



(3.66) 
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Wc require a general current operator J^{x) for non-point-like objects such 
as nucleons to have the same covariance and continuity properties as J^{x). 
Consequently, Ci-a_t{x) transforms like a Lorentz scalar: 

U{A, a) £i„t {x) {A, a) = £i„t {Ax + a) . (3.67) 

From the interaction Lagrangean density operator we can immediately con- 
struct the interaction part of the energy-momentum tensor operator, which 
reads Ti'^i[x) = —g'^'^Cint{x). We have already seen in Sec. 13.21 that the space- 
like hypersurface of Minkowski space that is left invariant under the point-form 
kinematic group is the forward hyperboloid x^x^ = r^. In a point-form quan- 
tum field theory obtained from canonical quantization this hyperboloid repre- 
sents the field quantization surface on which the canonical (anti-)commutation 

relations on the field operators V' (x), ip (x) and A'^{x) are imposed jBKSZOS] , 
Accordingly, the interaction four-momentum operator in a point-form quan- 
tum field theory is obtained by integrating 'Tj^^{x) over the forward hyper- 
boloid |Kh03a..BKSZ08'j : 

PL = - J 2d^:J Six^'x^ - T^) x''£i„t(a;) . (3.68) 

The correct transformation properties of Pj^^^ under Poincare transformations, 
Eq. (|2.30[) , follow immediately from Eq. (j3.67[) and the invariance of the hyper- 
surface element d'^x5{x'^Xp, — t'^)9{x°). Since £int(a;) is a local field operator 
that transforms like a Lorentz-scalar density it can be shown that the Lie algebra 
for translations, Eq. (|2.10[) . is satisfied jKli03aj . 

Now consider particular matrix elements of this interacting momentum op- 
erator between velocity states: 

{V; fe'i, Ai'i; fe^, fi'^; K, k'^, ^^'^\Ptnt\yl fci, A^i; ^2, M2; fee, ^J.c) 

= -{V'l fc'i, A^i; ^2. M2; Mo; k'^,fi'^\Cint{0)\V; fei, /^i; k2,fi2; fee, Mc) 

X y"2d^T5(a;^a;^-T2)6'(a;°)a;^e-'(*^^^'=^^'-^^i^"^)-^. (3.69) 

Here we have used the transformation properties of the Lagrangean density 
and the velocity states under space-time translations, Eqs. (|3.67l) and (|2.75p . 
respectively. 

In order to find a Bakamjian-Thomas-type mass operator from Pj^^ that 
commutes with the velocity operator we have to assume the matrix elements in 
Eq. (|3J9)) to be diagonal in V and V . For V = V the integral in Eq. (|3^ 
can be evaluated and one finds 

{V; k[,ii[;k'2, K, A^c; ^, ^J.'^\Cint{0)\V; fci, A^i; fc2, M2; ^o, Mo) 

X J 2d^x ^{x^'Xf, - T^) e{x") x^' e-'^^^J^^^^-^^i^")^-^ 

= /v(|A/(2,^-Ml2c|)V^'' 

x{k[,^l[;k'^,^l^]k'^,^l'^;k'^,^l'^\CintiO)\kl,^ll;k2,^l2;K,^J■c) ■ (3.70) 

The vertex factor /v(|-Wi2o7 ^ -^^i2c|) is a known function (for its explicit form 
we refer to Ref. |Kli03ap . but it might as well be replaced by a phenomenolog- 
ical function to compensate for the neglect of the contributions of terms that 
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are off-diagonal in the four-velocity, as well as regulate the integrals, if neces- 
sary [KraOlj . These are, however, not our primary objectives here. Hence, we 
set /v(|A<fi2e7 ~ -^1261) = 1 in the following. By separating the four-velocity 
y in Eq. p.70p . the remaining expression can be used to define the matrix 
elements of the electromagnetic vertex operators and K between velocity 
states: 

{V; k[,fi[;k'2, /i^; k'^, ^J,; k'^ , ^i'^\K'' \V ] fci, /^i; fc2, /^2; fee, Mc) 

= {V; fee, Mc; fci, k2,H2\K\V'; k'^, pt^; k[, k2, fi2; k'^, M^)* 

X (fc'i, Aii; k'2, Ai2; fee: Mo; ^7- M7I Ant(0)|fcl, /ii; fc2, A*2; fee, Mc) (3.71) 

with 

(fc'i , ^1 ; fcj , /^2 ; fee) Mo ; ^7 7 /^7 I Ant (0) I fci , ^1 ; fc2 , Ai2 ; fee , Me) 

= (2^)6 I e I Qe (fe^)7."Mo (fee) e;:; (fe;) <5^,,,; 2kl5\k[ - k, ) 
x5^^^,2kl5\k'2~k2) 
+(27r)6 Ji,(fe'i, m'i; fei, Mi)e;:;(fe;) 5^.^^.-2k°5\K - fee) 

+(27r)V2.(fei, M2; fe2, M2) e;:;(fe;) <5^.^^2fc,"<53(fc^ „ 
xS^^^,2k",5Hk[-k,). 

(3.72) 

The factor V^/ \J M'-^^^ ^i2e i^. Eq. (13.711) is derived from the requirement that 
an analogous procedure for the kinetic term in the Lagrangean provides the 
usual (kinetic) mass term |Lec03j . The detailed derivation of Eq. p.72p is 
demonstrated in App. lD.ll Here Jf (fe-, /Lt^; fe^, /x^) := {k[, ^'j\J^{{))\ki, jii) are the 
constituent currents which arc given for the point-like (structureless) particle 
case of a quark and an antiquark by the expressions 

Jq^(fc;,M:j;feq,Mq)= \ G \ Q ^,^{k'^)^^^ U ^^{k^) (3.73) 

and 

Jl^{k'-^, M^; feq, Mq) = - I e I Qqz;^, iWv^,^ (fe^) , (3.74) 

respectively. For non-point-like constituents like nucleons the corresponding 
current matrix elements arc given by 

•^N(^N)MN;feN,MN) = \e\Uf,-^{k'^) 

(3.75) 

with N = (p, n) standing for 'proton' and 'neutron', respectively. The electro- 
magnetic structure of the nucleons is described by Dirac and Pauli form factors 



2m^ 



,(feN) 
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(Qn) (On)' respectively, which are functions of the square of the 

four-momentum transfer on the constituents defined b^n 



Eq. p.75[) is the most general expression for an electromagnetic current of an 
extended spin-1/2 object satisfying current conservation 



and Lorcntz covariance, cf. App. IB.1.21 (for a derivation of the expression p.75p 
we refer to, e.g., Ref. |AH03| ) . The operator K {K'^) describes the annihila- 
tion (creation) of a photon by the constituents 1 and 2 and by the electron. 
In the following chapter we will see how a point-form Bakamjian-Thomas-type 
mass operator is constructed from these vertex operators. The prescription, 
Eq. (j3.7ip . is a very natural way to introduce field theoretical vertex interac- 
tions into the Bakamjian- Thomas framework. It preserves the Lorentz structure 
of field theoretical vertex interactions. However, due to the overall velocity con- 
serving delta function S^{V — V) and the kinematical factor 1/ J M'^2^ei2-y^ 



the locality of the vertex is violated. These quantities do not only depend on the 
kinematics at the vertex, but also on the kinematics of the spectator particle(s). 

Bound State 

We can also define a Lagrangean density Cf^^{x) which describes the coupling 
of the photon field to the electron and to the bound state: 



£pnt(^) := - I e I : ^,{x)Y'i^.{x)A^{x) : - : J^{x)A^{x) : . (3.78) 



In a similar way as above we can define vertex operators that describe the 
emission and absorption of a photon by the bound state. To distinguish them 
from the vertex operators for the constituents we will denote them by A'*-^^ and 
K'^ . They are defined by 



<7n := ^ fcN , 



M r\2 



(3.76) 



QN;i=/N('^N'MN;'^N,A*N) = 



(3.77) 



{V; Me; k'c.i^'rK^ fee, Me; fee, A^j) 

= {V\ fee, Mc; kc,^J.J\k'^\V'\ k'^, /i^; fee, Aij; fc^, Ai^)* 




^ ('''c, A'ci l^j'^ ^■yi l^fl^l. 



(0)|fee,/Xe; fee, /^j) 




tmLv%^iv-v') 



X |e|QeS^^(fc;)7.«Mc(fec)e;:;(fe;)<5^,^;.2fc[l(53(fe^ -fee) 
+ Jc.(fec, m;-; fee, M.,; A'c) e)!' (fe;) S^^^,2k"j^{k'^ ~ fee)] . (3.79) 



^The four- momentum transfer squared Q? on the constituent should not be confused with 
the constituents charge (squared), but the distinction should be clear from the context. 
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Here Jq(A;^,/^^; fcc,A*jS-^e) is the bound-state current. It is the most general 
current that one can write down for a bound state with spin j and may contain 
phenomenological form factors that account for the substructure of the bound 
state. Beside the incoming and outgoing bound-state momenta and spins we 
have also written, as a further dependence, the sum of the incoming and outgoing 
electron momenta := + k'f" into the argument of the current. The latter 
dependence can be understood as an effect of the violation of cluster separabil- 
ity in the Bakamjian- Thomas framework, which has been already discussed in 
Sec. 13.4.41 As a consequence, the physical properties of the bound state are not 
independent of the electron. In particular, as we will see, the bound-state cur- 
rent contains, so-called, unphysical contributions that exhibit a dependence on 
Kg. Finding an explicit form of Jl^{k'^, fi'j^kc, fJ.j] Kg) in terms of bound-state 
wave functions and constituent currents and investigating its Lorentz structure 
is one of the central objectives of this work. 



Covariance Properties 

At first glance it might seem that the currents for the electron 
?I^^(fc^)7^u^^(feo), for the constituents Jj^(fc-, /i^; fc^, /i^) and for the bound-state 
jQ{k'Q, fi'j^kc, f^j] Kg) defined in Eqs. p.72p and p.79p transform like four- 
vectors under Lorentz transformations. This is, however, not the case due to 
the center-of-mass momenta of the electron-bound-state(-photon) system that 
appear in the currents. The effect of a Lorentz transformation on such center-of- 
mass momenta is a Wigner rotation, which can be seen from the transformation 
properties of velocity states, Eq. (|2.73p . In order to investigate the transfor- 
mation properties of the currents we look at velocity-state matrix elements of a 
Lorentz transformed vertex operator = U{A)KW^ {A) (using the short-hand 
notation = r';^JV^'\ A)): 

{V; fc;, ti'^; fc'i, Mi; ^2, M2; l^'-y\U{A)KU'<{A)\V; K, fci, A^i; ^2, ^^2) 

= {AV' ] Ha^/^ I /^g ; -^Wc ^1 1 Ml ; -'^Wc ^2^ P-'2j -^Wc ^'yj P-'jl 

--*/-*/ 

xK\AV; Rw^h, Mo; Rw^h, f^i] RwM: ^J■2)D'^,^^,^ {EwjD^,^^^,^ {RwJ 
1=^ 111 

M^?2Me\27 

xS^^^,2k",S^k[ - fci) 5^,^, 2fc053(fc, _ fc^) 

+ Jii,{Rw^k[, p.[; Rw^ki, p.i)D^*^,^ {EwJ^^it^i iRwJ 
xS^^^,2ky{k'^ - K)6^,^,2kl5\k'^ - k2) 



x6^^^,2k°J^k'^ - fee) d^,^,2k°S^k[ ~ fei)] . (3.80) 
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From the covariant transformation property of the polarization vectors, 
Eq. (Hill, we find 

e;;, (fc;) A e;^, (Kw.fc;) = RwAv,Ar,e;,^{k'^)R^^ (fc;,i?wj^,^, . 

(3.81) 

Demanding Lorentz invariance of the vertex by comparing Ec^. p.80p with 
Eq. p.7ip we find the transformation properties of the currents under Lorentz 
transformations: 

(3.82) 

with z = e, q, N. For the bound-state current jQ{k'^, fi'^; kc, fJ,j; K^) one finds 
the same transformation properties as in Eq. p.82[) . We see that our currents 
do not behave hke four-vectors under Lorentz transformations. Instead, they 
transform by a Wigner rotation R'^^{V, A). Currents with the correct covari- 
ance properties, however, are obtained by going back to the physical particle 
momenta •* and spin projections crP of Eq. (j2.60p by means of a canonical 
boost with velocity V (cf. Eq. (E^Il)) and a Wigner rotation i?^^(wf\ Bc(V)), 
respectively. Such covariant currents are defined by [BSFK09] 

J':{p[.cj[-p,,a,) := i3e(y)^Jr(fc-,/i:;fc.,M0 

xi?;^;, LR^(«^:, i?c(F))]z?^,, [^^(«;„ Bc(F))] 

(3.83) 

with i = e, q, N. It is checked in Add. ID. 2n that these currents exhibit the cor- 
rect covariance properties under Lorentz transformations. Similarly, the bound- 
state current J^(pq, ct^ ; cry; -fe) with Pe = Pe + p'^ is obtained according to 
the prescription of Eq. ([21121)0 



^The term 'physical current' for Jq(pq, cr^ ; pc, Cj ; Pc) is avoided due to the unphysical 
contributions proportional to Po which may occur in the expression for this current. Therefore, 
we rather speak in this context of covariant currents. We use the same notation both for 
the covariant current Jl^{p'Q,a-j;pc,crj; Po) and for the current J^{k'Q, fi'y,kc, fJ^j, Ka). The 
difference is indicated by the arguments. 



Chapter 4 



Relativistic 

Coupled-Channel Problem 

4.1 Introduction 

In this chapter we look at elastic electron-bound-state scattering in the center-of- 
momentum frame. This process is treated in the one-photon-approximation as 
a coupled-channel problem for a Bakamjian-Thomas-type mass operator. The 
corresponding system of coupled equations can be reduced to an eigenvalue 
problem for the elastic channel with a one-photon-exchange optical potential. 
'On-sheir matrix elements of this optical potential in the velocity state basis are 
sufficient for the identification and extraction of the electromagnetic bound-state 
current. Corresponding analytical expressions in terms of bound-state wave 
functions and constituent currents will be derived. The following formalism can 
also be found in Ref. jBSFKOO] for the particular case of the bound state being 
a pseudoscalar meson. 

4.2 Electron-Bound-State Scattering 
4.2.1 Coupled-Channel Problem 

The kinematic group of the point form is the Lorentz group which makes a 
manifest Lorentz covariant formulation feasible. It is easy in the point form to 
obtain a relativistic generalization of the Schrodinger equation. This is achieved 
by simply replacing the non-relativistic Hamiltonian, i.e. the energy operator, 
by the four-momentum operator, whose components contain all interactions of 
the system. The resulting dynamical equations to be solved are given by the 
eigenvalue problem for the four- momentum operator [KliOSaj : 

pf^\qf) ^ pi^\q>) , (4.1) 

We have already pointed out in Sec. 13.31 that a point-form Bakamjian-Thomas 
construction results in a total four-momentum operator that is the product of 
the free four- velocity operator times the total mass operator, cf. Eq. (j3.5[) . 
The latter contains all information about the dynamics of the system. As a 
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consequence it suffices to study the eigenvalue problem for the mass operator. 
Therefore Eq. (|4.1[) can be reduced to 

Afjif) = Af [if) . (4.2) 

Our aim is to construct a Bakamjian-Thomas type mass operator M that de- 
scribes photon exchange in such a way that retardation effects are fully taken 
into account. This can be achieved within a coupled-channel framework that 
allows for the creation and annihilation of a photon by means of the vertex 
operators defined in the previous chapter. To this end we treat the electromag- 
netic scattering of an electron by a bound two-body system as a two-channel 
problem for an appropriately defined Bakamjian-Thomas type mass operator. 
Such a mass operator acts on a Hilbert space that is the direct sum of the 12e 
and 12e7 Hilbert spaces. It can be written as a (2 x 2)-matrix operator |Kli03a| 

The diagonal elements of this mass operator, Mcc and Mcc-y of Eqs. (|3.20p 
and p.34p , respectively, are the invariant mass operators of the uncoupled Ce- 
and Cc7-systems. They may contain instantaneous two-body interactions be- 
tween the constituents 1 and 2 (in the way introduced in Sec. 13. 4p . The off- 
diagonal terms and K are the vertex operators defined by Eq. (|3.7ip and 
they account for the creation and annihilation of the photon at the electron 
and the constituents. In this way they couple the 12e Hilbert space to the 
12e7 Hilbert space. The mass operator of Eq. (j4.3p is of point-form Bakamjian- 
Thomas type (cf. Eq. (|3.6p ) since it is defined to commute with due to 
the delta functions in Eqs. (|3.17p and p.7ip . Decomposing an arbitrary mass 
eigenstate of the system jtf') into components belonging to the 2 channels 12e 
and 12e7, 



and inserting the definitions (j4.3p and (|4.4p into the eigenvalue equation (j4.2p 
we have 

k^ Mcc, ) \ Ifcc) )-''\ ) ■ ^^-'^ 

This is a linear system of 2 coupled equations for the respective components: 

Mccll'cc) + k\^ccy) = M\^cc), (4.6) 

k^\1'Cc)+Mce^\^Ccy) = M|tf'cc7>- (4.7) 

4.2.2 One-Photon-Exchange Optical Potential 
Constituents 

For our further purposes it is useful to apply a Feshbach reduction to Eqs. (j4.6p 
and (|4.7p which means to solve the second equation for \'l^cci) and insert the 
resulting expression into the first one to end up with an equation for I'Pcc)' 

Mce - m) Wc.) = ^(MoC7 - m) 'a'^ I^'cc) . (4.8) 
V ' 

= :V'opt(Af) 
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The right-hand side of this equation describes the action of the one-photon- 
exchange on the state l^'ce)- This equation has the structure of an eigenvalue 
equation, but with the mass eigenvalue M also appearing in the optical 
potential Vopt{M). Vopt{M) consists of all possibilities to exchange the photon 
between the electron and the constituents. It also includes loop contributions, 
i.e. absorption by the emitting particle. (M — Mcc-y)^^ describes the propaga- 
tion of the Cc7 intermediate state and is thus responsible for retardation effects. 



Bound State 

On the bound-state level, where the structure of the bound state is not re- 
solved in terms of constituents, the corresponding one-photon-cxchangc optical 
potential is simply obtained by replacing K with K'~^ of Eq. (|3.79p in Vopt{M): 

t'pt (M) K"" (Mcc7 - m) (4.9) 
with V^pj(Af) acting now on a two-particle Ce Hilbert space. 

4.3 Calculation of the Bound-State Current 

4.3.1 Matrix Elements of the Optical Potential 

Our objective of this section is to derive an expression for the bound-state 
current J^ik'Q, fi'^; fee, fJ.j; K^) in terms of bound-state wave functions and con- 
stituent currents. To this end we consider matrix elements of the optical poten- 
tial Vo-pt{M) of Eq. (|4.8p between velocity states of the electron-bound-state sys- 
tem. The electromagnetic current of a bound state is usually extracted from the 
elastic electron-bound-state scattering amplitude calculated in the one-photon- 
exchange approximation. This means that we can restrict our considerations to 
'on-sheir (os) matrix elements of Vopt{M) for which the total invariant mass of 
the incoming and outgoing electron and bound state has to be the same, i.e. 

M ^k'l + kl^k'^ + k'S (4.10) 

since 

kl=k'^ and k%^k'^. (4.11) 

Note that the velocity-state representation is associated with ccntcr-of-mass 
kinematics, cf. Eq. (|2.68|) . 

We start our calculation by looking at on-shell matrix elements of the optical 
potential between clustered electron-bound-state velocity states of Sec. 13.4.21^ 

{Yl ; fee: ; fci2 : j: I K)pt ( A/) I Z; fee . ' -12 ' 

x\V;k^,^j^;k^2,n,j,fJ,j)os- (4.12) 

^Here we introduce the 'underlining' of spins, momenta and velocities in order to have a 
further mean (beside multiple primes) for distinguishing quantum numbers in clustered from 
those in free velocity states. This underline should not be confused with the underline denoting 
elements of the SL(2, C), but the distinction should be clear from the context. 
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The first step towards an evaluation of Eq. (j4.12p is a multiple insertion of 
the completeness relations for free and clustered velocity states, cf. Eqs. (|2.77p 
and p.37p . at the appropriate places on the right-hand side of Eq. (|4.12p : 



(Z'; fe;, Afl; fe'i2, J, I i'i2c K i'/L^ (Mcc^ - 

xii2c7^^ ii2c I v:;fco>/i,;^i2>":J>j>os • (4.13) 



1" 



Next wc use the orthogonality relations for the free and clustered velocity states, 
Eqs. (|2.78p and p.36p . respectively, together with the expressions for the ma- 
trix elements of the vertex operators, Eq. p.7ip . and the definitions of the wave 
functions, Eqs. p.23p and (|3.35p . Then the necessary integrations and sums can 
be done by means of the appropriate Dirac and Kronecker deltas, respectively. 
In the rather lengthy calculation, which is presented in detail in App. |E1 we 
neglect the 5 self-energy contributions in which the photon is emitted and ab- 
sorbed by the same particleU The remaining 4 timc-ordcrcd contributions can 
be combined to 2 covariant contributions corresponding to the photon exchange 
between the electron and the two constituents. The result has the structure 
of a contraction of the electron current with the sum of 2 integrals (involving 
the wave functions and the constituent currents) multiplied with the covariant 
photon propagator: 

(£'; fc^ , ; fci2 , n, j, /x' | V^pt (M) \V; k^, u; kj^2,n, j, )os 



{27rfv''S^V-V') I / 2fc[^ 



r c J 3 7„' 1 1 



X / 

X 



d^fc'i 1 1 / 2k[°2k'° / 2fc02fcO 



2k[0 2k'° 2fcO Y 2(fcf + fc^O) Y 2(fcO + fcO) 
XI '^"j>»i (^)'^i''(fci' Mi; '^i' Ml) 



2^12 V 2^1: 



Ml 



d^fc^ 1 1 / 2k'°2k'° / 2fcj2fcO 



2kf 2kf 2k° y 2{k[° + k'^) V 2(fcJ + kl) 

Zl'^«JM»^(^')"^'W.''if2(^)'^2^(^2: M2; ^2, M2) 

^2 



X 



X ' r„ e 



.V(^c)7m"m (^e). (4.14) 



A diagrammatic representation of these contributions is depicted in Fig. 14.11 
Here the blobs that connect the Ci and C2 lines symbolize integrals over wave 
functions of the incoming and outgoing bound state. The denominator of the 
covariant photon propagator, which includes both time orderings, is given by 
— (jf^q'' = with (j^ = ki^ — k^ being the four-momentum transfer between 
electron and bound stated Momenta with and without prime are related by 
k[ = ki + q = ki + kj with i = 1, 2 and k[. = kc — k^. This means that we have 



^Photon exchange between particles 1 and 2 is also excluded as it is a self-energy contri- 
bution to the bound state. 

^Note that q = k-,, but ^ fcO = 
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Figure 4.1: The diagrammatic representation of the 2 covariant contributions 
to the one-photon-optical potential corresponding to the 2 terms in Eq. (j4.14p . 



three-momentum conservation at the electromagnetic vertices, a property which 
one would not expect in point-form quantum mechanics. Here it results from 
the velocity-state representation, in particular the associated center-of-mass 
kinematics and the spectator conditions for the inactive particles. The energy 
is, however, not conserved at the vertices. For the physical momenta, i.e. 
the center-of-mass momenta boosted by Bc{V), none of the four-momentum 
components is, in general (if V 7^ 0), conserved at the electromagnetic vertices|3 



4.3.2 Matrix Elements of the Optical Potential on the 
Bound-State Level 

In a similar way as in the previous section on the constituent level we can also 
calculate on-shell velocity-state matrix elements of the optical potential V^^. (M) 
given by Eq. (|4.9|) . We work on the bound-state level which means that the 
structure of the bound state is not resolved in terms of constituents. The purpose 
of this calculation is the identification of the bound-state current from Eq. (|4.14p . 
In particular, it serves for the identification of the kinematical factors belonging 
to the current, which stand in front of the integral of Eq. (|4.14p . The explicit 
calculation will not be demonstrated here, instead we refer to the thorough 
derivation in Ref. |Fuc07j . It is briefiy summarized as follows: one starts with 
the insertion of a velocity-state completeness relation at the appropriate place 
of matrix elements of V^p^. (M) . Then one uses the matrix elements of the vertex 
operators between velocity states, Eq. (|3.79p . in order to carry out the necessary 
integrals and sums by means of the corresponding Dirac and Kronecker deltas, 
respectively. If self-energy contributions are again neglected the optical potential 
consists of 2 terms corresponding to the 2 possible time orderings. Restricting 
ourselves to on-shell matrix elements, cf. Eq. (|4.10[) . we can combine the 2 time 
orderings to the covariant photon propagator, cf. Eq. (|E.12p . The final result 
is then given by |Fuc07[lBSTT^09] 

(F' ; fc; , ; fc'i2 , fi'j \V,%{M)\V;k„ti,;ki2, A^, >os 



X |e|QcM^^(fcc)7M'»Mo(fce) „2 Jcu{k'c,^i'j]kc,lij]K^) . (4.15) 



*Note that boosts mix spatial and temporal components. 
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The expression on the right-hand side reveals that on-sheh matrix elements 
of the optical potential can be expressed as a contraction of the electromag- 
netic electron current | e | QeU^i {k'^)^^u^^ with an electromagnetic bound-state 
current Jci^{kQ, n'^; kc, fJ-j', Kc) multiplied with the covariant photon propaga- 
tor —g^'^IQ^ (and a kinematical factor). Apart from the kinematical factor in 
front, the right-hand side of Eq. (|4.15p corresponds to the familiar one-photon 
exchange amplitude for elastic electron-bound-state scattering (calculated in the 
electron-bound-state center-of-mass system) . 

It should be mentioned that, in general, the four-momentum transfer be- 
tween incoming and outgoing (active) constituent := (fc^ — fci)'' devi- 
ates from the four-momentum transfer between incoming and outgoing cluster 

:= (fcp — fcc)^- This can be seen as follows: whereas the three-momentum 
transfers are the same on the bound-state and on the constituent level, i.e. 
q = qi, the zero components differ, i.e. g° 7^ q^. Due to the center-of-mass 
kinematics associated with the velocity states = k'^ and hence g° = 0. On 
the other hand it can be shown that 

(fcf )2 ^ (/!c0)2 _ 2q • fe^ so that q" ^ . (4.16) 

Accordingly, not all of the four-momentum transferred to the cluster is also 
transferred to the active constituent. 



4.3.3 Identifying the Bound-State Current 

By comparison of Eq. (|4.15l) with Eq. (j4.14p we can identify the bound-state 
current as 



2 /l 2 A^2 



d^fc; 1 1 

2fcf 2fcf'2fcoV 2(l5oTI^V 2(fc? + k^) 



2fci"2V2fc?2 E (fc) Jf (fe'iA^'i; fei, Ml) 



d^fc^, 1 1 



9l,'09L/0 



2/C-j^ 2 fci 



2fc^o 2fcf 2k^ Y 2(fcf + fc^O) Y 2(fcO + fcO) 

E '^'yK-MiM^ (^')'^ry>.MiM2 (fe) (^2 , ^2 ; ^2 , ^^2) 



2fcf2\/2fcJ. 



(4.17) 



Simplifications for Equal Mass and Spin of the Constituents 

In the this work we restrict our considerations to bound systems consisting 
of 2 equal-mass equal-spin constituents. For the treatment of systems with 
unequal constituent masses within the present formalism, like heavy-light bound 
systems, we refer to Refs. |GRS10llGRSllj . According to our case, we assume 
the constituents to have equal masses, i.e. mi = m2 =: m and same spins, i.e. 
ji = j2 = ^, which simplifies the expression for the current, Eq. (j4.17[) . even 
further. First we manipulate the second term of Eq. (j4.17p by simply renaming 
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momenta and spins (which are integrated and summed over). We make the 
replacements 

k[ <^ k'2, fci o fc2 and ^[ ^ ^2 , /^i o /i2 . (4-18) 



Consequently, using the symmetry of the Clebsch-Gordan coefficients, i.e. 



CTn o „ = CTn o „ , we can write Eq. (14.171) in a more compact form: 



'0 2fc^o 2fcO y 2(fciO + k'i) V 2(fcO + kl) 



X 



X [Jf(fc'i,Ai;;fei,Mi) + J2^(fci,M'i;fci,Mi)] • (4.19) 

A further simplification of this expression is achieved by going from the k'^- 
integration to a fcj^-integration by means of the appropriate Jacobian, cf. 
Eq. (jE.4p . Note that for equal masses we have ki — k2 = m\il1 and 
k'^ = k'2 = m'12/2. Moreover, it can be shown that the spinor product 
for anti-particles, v^-^ (fci)7^ f^'^ (fc 'i); can be replaced by the one for particles, 
Uf^>^{k[)^^U)j,-^{ki), cf. Eq. (jB.ll|) . Writing out the wave functions defined in 
Eq. p.l4p we can combine the Wigner £>-functions for the inactive (spectator) 
constituent 2 by means of Eq. (jC.Sp due to the spectator condition ^2 = ^2 • 

(4.20) 

With these manipulations the expression for the bound-state current finally 
reads 

-^cC^C'MjSfecMjS^o) 



2P,/2A^V f ''^ /^12 
xDj,-^ [^wc {w2.B-\w[2)B,{w,2))] 

X |e| Vi(fc'i)(A+r2)^7/^,(fei). (4.21) 

Here Fj^ is the Ci7Ci-vertex. It is given for point-like and non-point-like con- 
stituents like quarks and nucleons by the expressions 



r^ = Q,r and r{^ = Fr{Q'^)r+F^iQ'^)'-^l^, (4.22) 



respectively. 
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4.4 Current Properties 

In this section we investigate hcrmiticity, covariance and continuity properties 
of our bound-state current given by Eq. (|4.2ip . The two former can be discussed 
without specifying the spin of the bound state. For the latter we consider the 
particular cases of a pseudoscalar and a vector bound state. 



4.4.1 Hermiticity 

Hermiticity of the current means that 

= J^*{kc,fij;k'c,fi'f,K,), (4.23) 

which amounts to showing invariance under interchange of all primed with 
unprimed momenta and spins and complex conjugation. To this we show 
hermiticity of the bound-state current Eq. (|4.2ip as follows: we write down 
Jq* {kc, ^J,j', k^, fj,'^; Ke) from Eq. (|4.2ip by interchanging all primed and un- 
primed momenta and spins and perform complex conjugation: 

d^fci 




xY*,{k')C','^;:^,Cp,*, ,v'*Ak')YiMCT~ i~ C'!;' ui,rk) 

x|e| [«^,(fci)(A+/^2rM(fe'i)]* • (4-24) 
Next we transform the integration measure in Eq. (|4.24p according to Eq. (|E.4|) 



d3fc,.d3fc;^^^ (4.25) 

'"■12 "'12 '^1 

since d'^/cj^ ~ d"^A:i. Further the Wigner _D-functions can be rewritten in their 
original form by using Eq. (jC.5[) . Finally we use the hermiticity of the con- 
stituent current, Eq. (jB.22|) . to rewrite it in its original form. This shows that 
the right-hand sides of Eq. (|4.24p and Eq. (|4.23p are equal. 



4.4.2 Covariance 

In this section we discuss the covariance properties of the current given by 
Eq. (j4.2ip . For simplicity, we restrict our investigation to the case of a pure s- 
wave with ^ = /' = 0, which has already been discussed in Sec. 13.4.21 In this case 

the spherical harmonics become a constant, l^*Q(fc') = yoo(^) = I/a/Itt and the 

Clebsch-Gordans become Kronecker deltas, CqqJ,*^, = ^s'j'^a'Ia'^ '^^'^ ^oos^^ ~ 
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SsjSf^^^j. Then the expression of the bound-state current, after summation and 
reordering, reads 

X I e I + r^ru^, (fci) . (4.26) 

In App. lD.2?2] we prove that this bound-state current associated with the center- 
of-mass system has the same transformation properties under Lorentz transfor- 
mations as the center-of-mass currents of Eq. p.82p : 

A (Hw. (V, A) k'c , a; ; Rw^ (V, A) kc , /I, ; i?w. {V, A)K,) 
= RwAV, Ar^J^{k'c,fiy,kc,H;K.)Di^f,^ {R^^{V, A))Dl*,-, {R^^{V, A)) . 

(4.27) 

This serves as a reasonableness check of our microscopic bound-state current, 
cf. Eq. (|4.17p . expressed in terms of wave functions and constituent current. 
The bound-state current with the correct covariancc properties is obtained in 
the same way as for the phenomenological currents, cf. Eq. (j3.83p . namely by 
going to the physical particle momenta and corresponding spins by means of a 
canonical boost |BSFK09j : 

xDl*,^,{R^l{w'c,B,iV)))Dl,^„^ iR^liwcB^iV))) 

xDj:-, [R^^ iwlB^{V)B^{w[,))] Cjg^, 

xdI,-^ [R^^ {w2,B-Hw[,)B,{w^2))] 

x^^i'^.i^.^Li [=Sw. {wuB,iV)B4w^2))] 
x|e|ft,j(p'i)(ri+r2)^w,,(pi) 

>^D^^, {R^l{w'c,B,{V)))Dl^,^ {R^S^c,B,{V))) , (4.28) 

with := k^P /rnp . Here we have used the transformation properties of the 
constituent current, Eq. (13.821) . The covariant current J^{p'^, a'jipc, ctj; P^) of 
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Eq. (j4.28p transforms like a four-vector under Lorentz transformations. The 
corresponding proof is carried out in a similar manner as for the constituent 
currents in App. ID. 2. 11 



4.4.3 Pseudoscalar Current 

In this section we consider our bound-state current of Eq. (j4.19p for the case 
of the bound state being a charged, massive pseudoscalar particle (PS) with 
j = such as a tt* meson (charged pion). In the constituent quark model a 
pseudoscalar meson is described by a confined quark- antiquark (qq) pair. In 
particular, tt"*" is a bound state of a u-quark and a d-quark. 



Simplifications 

In the case of j = and a pure s-wave the Clcbsch-Gordan coefficients in the 
wave functions of Eq. (|4.19|) can be written as 

With these Kronecker deltas the sums over jl2 and jl^ can be carried out. Then 
the product of the Clebsch-Gordan coefficients with the Wigner £)-function for 
the inactive constituent 2 becomes 

- \dI-^,^[R^\{w2,B-\w[2)B,{w,2))] . (4.30) 

Here we have made use of the properties of the Wigner Z?-functions, Eqs. (jC.5[) 
and (jC.8[) . Using this expression allows us to combine all three D-functions to 
a single one. With these findings the current for a pseudoscalar particle reads 

Jpg(fcQ, fee Kf,) 

1 yfcp^ /"d^fc; rw[^ /fcf^ 



47r ; 

X {'S,2,B-\W[^)B,{W^2)) (^,i?e(^2))] 

X |e|Vi(fe'i)(A+/^2)^«Mi(fei)- (4-31) 

The argument of the single Wigner _D-function in this expression can be simpli- 
fied by using some relations for canonical boosts in the SL(2,C) representation, 
which are collected in App. IC.ll 

Ew. {wi,B,{w^2))R^^ {w2,B-'{w[2)B,iw,2))R^l iw[,B,iw[2)) 
= (^i) <^r ( ^ll^ ) ' Iil2 ( ^^^^ (4.32) 
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With this simplification and going back to physical momenta the covariant cur- 
rent for a pseudoscalar bound state finally reads 

Jpsip'ciPcPc) 



'^12 
-Vl2 



,/0 



(4.33) 



Continuity 

The microscopic current for a pseudoscalar bound system of Eq. (|4.33p satisfies 
the condition of current conservation, cf. Eq. p.66[) . which reads 

{p'c - Pc)^J^siPc.Pc,Po) = {k'c - fcc)M^^s(fcc: fee, K,)=0. (4.34) 

The rather lengthy analytical proof of Eq. (|4.34p is given in App. ID. 3. II It 
amounts to showing that the integral in Eq. (j4.33p vanishes if the spinor product 
u^[{k[)j^Ufj,^{ki) is replaced by ^^'^{k'^)^ ■ (fei - k[)Ufj,^{ki). By a change of 
the integration variables d^k[ — > d^fci it can be shown that the integral over 
Ufj^'^ (^'1)7 ■ /s'l""/!! (fci) goes over into the integral over u^>^ (fe'i)7 • kiu^^ (fci) (and 
vice versa) so that the difference of them vanishes. 



4.4.4 Vector Current 

In this work we also consider charged, massive vector bound states with j = 1. 
Examples for such systems are, e.g., the meson and the deuteron D. In the 
constituent quark model the p+ meson is, like the tt"*", considered as a confined 
pair of a u-quark and a d-quark. The deuteron, the simplest of all nuclei, is 
composed of a proton p and a neutron n. In the following we do not further 
resolve the proton and the neutron in terms of quarks and gluons. Instead, the 
structure of the nucleons is taken into account in terms of phenomenological 
electromagnetic nucleon form factors, cf. Eq. (j3.75p . 



Simplifications 

For j = 1 and the case of a pure s-wave the Clebsch-Gordan coefficients in 



(2 X 2)-matrix form as |BG79j 



the wave functions of Eq. (14.191) . C^t' , - and C, ' , , can be expressed in 



^fti,. = ^l^.Wi'^-Tl) ' (4.35) 
Cl'^i*!-, = -e*f{0)(^a.] . (4.36) 
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Here s — ia2 is the metric spinor and e''(,) (0) are the polarization vectors for 

massive spin-1 particles in the rest frame given in App. IB.3.11 Using Lorentz 
invariance, cf. Eq. (jB.40|) and inserting for the Clebsch-Gordan coefficients into 
Eq. gives 

><iy^E/^/l|/|<o(^'Ko(^) 

Ml A2 

X |e| V,(fci)(A+/^2rwMi(fci)> (4-37) 



where we have used Eq. (jC.9[) . The current with the correct covariance proper- 
ties is then obtained from Eq. (|4.37p according to Eq. (j4.28p : 

pffiY2 / k^n 



X — 

47r 



xK),-4Ai^li.; [Sw. K,i?-'K2)Sc"'(V))] 

X |e|w,;(p'i)(A+/^2r^^.i(Pi), (4.38) 
where we have used Eq. (|B.32p . From Eq. (|4.37p using 

Ji^{k'c,^i'f,kc,^Jif,K,) = Jv{k'c;kc;K,r„r^;^ik'c)el,^{kc) (4.39) 
we can read off the current tensor as 



Jv{k'c,kc,K 



ii3,(-»y*,Be(-»c)'; 



X-D^j^j [i?Wc (■i«l,Sc(u;i2))] (cr^) 
X^?|^, [^W. (^,S-'(«^12)Sc(^2))] 

x(aA)^.^;4>; [EwA^i^B^M)] 

X I e I Vi('^i)(A + /^2)^^^Mi (fci) • (4-40) 
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This current tensor is independent of the incoming and outgoing spin projections 
/Uj and ^'y The covariant current tensor is then obtained analogously from 
Eq. as 

-'^v(Pc,Pc,^'o) 
■■= \B.{^VrM-VyM-w'^)\B,{-wc)\ 

><i\/^E/f^/lf/|<o(^'Ko(^) 

xi?J,^, [R^^{w,,B,{V)B,{w^2))\ K)^,^, 
x^.a;. t^w. {w'^,B-\w^2)B,{w[^))] 

A^xh',wA\< [^w. {v[,B~\w[,)B-\V))] 

X I e I + r^Tu,, (pi) . (4.41) 



Continuity 

Current conservation, Eq. p.66p does, in general, not hold for the electromag- 
netic current we obtain for a vector bound system as given by Eq. (j4.38p . This 
means 

^Dj:,^, [R^^iw'c,B,{V))]D^^^,^ [Sw'(^c, i?c(V))] 
^ 0. (4.42) 

This issue is discussed in more detail in App. ID. 3.21 There we explain that 
the reason for the failure of proving continuity is the fact that the product 
of the three Wigner I^-functions together with the two Clebsch-Gordan coeffi- 
cients in Eq. (|4.28p cannot be written as one single Wigner D-function like in 
the pseudoscalar case. Consequently, the properties of the Wigner Z)-functions 
necessary for showing current conservation cannot be used. An analysis of the 
covariant structure of the current (j4.38p together with numerical results support 
the non- vanishing of the left-hand side of Eq. (j4.42p . 
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Chapter 5 



Electromagnetic Form 
Factors 

5.1 Introduction 

The invariant electron-bound-state scattering amplitude in the one-photon- 
exchange approximation is usually expressed as the contraction of the electron 
current with a bound-state current times the covariant photon propagator. The 
bound-state current is a sum of independent Lorentz covariants which are multi- 
plied by Lorentz invariant functions, the so-called electromagnetic form factors 
of the bound-state. They are real functions of the four-momentum-transfer 
squared (g'^g^ = —Q^) and they represent the observables that describe the 
electromagnetic structure of the (extended) bound-state. The aim of this chap- 
ter is to extract such electromagnetic form factors from the bound-state currents 
derived in the previous chapter and finally express them in terms of the bound- 
state wave functions. 

5.2 Covariant Structure 

In this section we investigate the covariant structure and the number of form 
factors needed to parametrize the bound-state currents derived previously. We 
start with the simple pseudoscalar case and then turn to the more complicated 
example of a spin-1 bound system. 

5.2.1 Pseudoscalar Current 

From covariance, continuity and macrocausality arguments it is clear that a cor- 
rect physical current /pg (p'q , pc ) of a pseudoscalar bound system should depend 
on only one covariant which is the sum of incoming and outgoing bound-state 
momenta Pc ■= Pc + p'c tinies an electromagnetic form factor F of the bound 
system, with F being a function of Mandelstam t = —Q^. It turns out, however, 
that this is not the case for our electromagnetic current of a pseudoscalar bound 
system Jps{p'c,PG, Pc), which we have derived from the one-photon-exchange 
optical potential. It does not have all the properties it should have. It sat- 
isfies current conservation and transforms like a four-vector, but it cannot be 
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written as a sum of covariants times Lorentz invariants (Q^ and m^) which are 
solely built from the incoming and outgoing bound-state four-momenta {p'^ and 
Pq). Our current exhibits an additional dependence on which has already 
been indicated. The general covariant structure of our current Jpg{Pc,Pc, Pc) 
can be derived from the following considerations: without spin one has, in gen- 
eral, four independent current components corresponding to the Lorentz indices 
= 0, . . . , 3. Hence, one needs four independent covariant structures multiplied 
by four form factors to parametrize the current. Due to the condition of cur- 
rent conservation, which is proved analytically in Apd. [D73.1[ one component of 
the current can be expressed in terms of the other three, which eliminates one 
covariant structure. Another structure can be eliminated by the fact that the 
current Jpg(Pc, Pc, ^o) transforms covariantly under the Lorentz group. This 
means that the current can always be transformed into a frame where one of its 
components vanishes. Finally, we are left with just 2 independent components 
of the current. Therefore, the current can be expanded in terms of 2 conserved 
covariants times 2 form factors / and b. The expansion in terms of Lorentz 
covariants times form factors has to satisfy hermiticity. This has already been 
proved for the current in Sec. 14.4.11 Thus, the first of 2 covariants available is 
simply the sum of the incoming and outgoing bound-state momenta Pc- For 
the second covariant we have to recall that our derivation of the current is 
based on the Bakamjian- Thomas construction which is known to provide wrong 
cluster properties. This issue has already been discussed in Sec. 13.4.41 As a 
consequence, the physical properties of the bound state are not independent of 
an additional particle, in our case the electron. Therefore, we cannot be sure 
that the bound-state current we get does not also depend on the electron mo- 
menta. We actually find that our current cannot be fully expressed in terms of 
Hermitean bound-state covariants. The second current conserving Hermitean 
covariant available is the sum of the incoming and outgoing electron momenta 
Pe- This is the reason why we have included P^ as a further dependence in the 
argument of the bound-state current, cf. Eq. (|3.79p . 

The only independent Lorentz invariants that can be built from the incoming 
and outgoing bound-state and electron momenta are Mandelstam t and Mandel- 
stam s, i.e. the four-momentum-transfer squared and the square of the invariant 
mass of the electron-bound-state system, respectively. Therefore, wrong cluster 
properties may also influence the invariant vertex form factors / and b such that 
they do not only depend on t = —Q^ but also on 

s = be + Pcf = (^^ ml +kl + ^ ml + fc^ ^ . (5.1) 

The s-dependence can equivalently be expressed as a dependence on the mag- 
nitude of the particle momenta 

fc:=|fet| = |fc;i = |fcc| = |fcc|, (5.2) 

which turns out to be more convenient for our purposes. Here we have used 
Eqs. (|4.11[) and (|2.68p . At this point it should be mentioned that Poincare 
invariancc of our Bakamjian-Thomas type approach would not be spoiled by 
vertex form factors that depend even on the whole set of independent Lorentz 
invariants involved in the process. A reasonable microscopic model for electro- 
magnetic form factors should, of course, only depend on the momentum transfer 
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squared t and not on s. Nevertheless, due to the non-locahty of the vertex de- 
fined in Eq. p.7ip both form factors / and b exhibit also a s-dependence. As 
we will see in the following, this dependence can, however, be eliminated in a 
certain limit. 

With these findings we can write down our pseudoscalar bound-state current 
as a sum of Lorentz covariants times form factors jBKSllailBKSllb) 



J^siP'cPc, Pc) = I e I [/(Q2, k)P^ + b{Q\ k)P,^] 

f{Q^,k)P^ + b{Q^k)P>fj^^ 



(5.3) 



Here the factor Pq/Pq ■ P^ has been separated from b for convenience. The 
decomposition (|5.3p holds for arbitrary values of the bound-state momenta pc 
and p'q with one exception: in the so-called Breit frame, i.e. backward scat- 
tering (fee = — ^c) electron-bound-state center-of-mass system. In this 
frame the two covariants Pq and Pj^ become proportional which precludes the 
separation of the two form factors. 

It is clear that the two covariants Pc and P^ are not orthogonal to each 
other, i.e. Pc ■ Pc ^ 0. If we choose, e.g., the second covariant as 

p;':=pA'_^c (54) 

± c . c ' \ ) 

which is orthogonal to Pq, then we have, in general, different form factors / 
and b: 

J^s(Pc.Pc,Po) = I e I [/(Q^ k)P^ + l{Q\k)P'^] . (5.5) 

Thus, there seems to be an ambiguity how to define the form factors by expand- 
ing the current in terms of covariants. It turns out, however, that only the form 
factor f{Q^,k) defined via the expansion (j5.3p provides the correct charge of 
the bound state at = 0, as it is required for the physical form factor. This 
justifies to call f{Q^, k) defined in Eq. (|5.3p the physical form factor of the pseu- 
doscalar bound state. The remaining structure in Eq. (|5.3p that is proportional 
to Pc will then be referred to as non-physical (or spurious) contribution with 
b{Q^,k) being the spurious form factor. Hence, only the expansion (|5.3D pro- 
vides a sensible separation of the physical from the spurious contribution. The 
separation of Eq. (|5.3p leads to the following definition: spurious contributions 
are defined as structures that depend on P^ [CDKMQS] . 

By applying a canonical boost Bc{—V) to Jpg{Pc,Pc, Pc) we find, ac- 
cording to Eq. (|4.28[) for the pseudoscalar case, the covariant structure of 
J^sik'c,kcJ<c): 



J^s(fct,fcc,ifc) = B,{-V)^,J^siP'c,PC,Pc) 

K, 



2 



f{Q\k)K>^ + b{Q\k)K^—^ 

J^C ■ ^c 



\e\[f{Q'',k)K^ + b{Q-\k)Klt]. (5.6) 



^The covariant structure of our current resembles the corresponding one obtained in a 
covariant light- front approach of Refs. IKS94|[CDKM98l . The relation between them will be 
discussed later. 
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5.2.2 Vector Current 



A correct physical current /y {p'q , a'j ; pc , fJj ) of a vector bound system should 
depend on 3 form factors, Fi, F2 and Gm which are functions of Mandelstam 
t = —Q^. Its covariant structure is usually obtained by constructing from 
the tensor e'^* {p'(^)e'^, (pc) all Hermitean, conserved four- vectors by appropriate 

multiplication and contraction with g'"^, the sum and/or the difference := 
p'lj — Pq of the incoming and outgoing bound-state four-momenta. 

However, as in the pseudoscalar case, the covariant structure of our bound- 
state current Jy(p^, cr^; pc, CTj; ^c) of Eq. (j4.38p . cannot be solely built from 
the incoming and outgoing momenta and spins of the bound state. Due to the 
violation of cluster separability in the Bakamjian-Thomas framework, we expect 
that it exhibits an additional dependence on the sum of the electron momenta 
Pe. Furthermore, unlike in the pseudoscalar case due to Eq. (|4.42[) . we cannot 
demand current conservation and therefore we have to allow for non-conserved 
Lorentz structures proportional to c?^. 

The explicit construction of the covariant structure of Jy(p^, cr^ ; pc? Cj; Pe) 
is demonstrated in App. ID. 41 The analysis reveals that one can find 11 Her- 
mitean covariants by contracting and/or multiplying the tensor e^,*(p^)ej^ . (pc) 

with g'"^ and/or the available four- vectors Pq, d'^ and/or P^. Consequently, we 
can parametrize the current Jy{p'^,aj;pc,(rj; Pe) in terms of 11 form factors, 
the 3 physical form factors /i, /2 and and 8 spurious form factors denoted 
61,..., 63. The form factors exhibit, due to the non- locality of the vertex in 
the Bakamjian-Thomas framework, an additional dependence on Mandelstam 
s. The expansion of the current in terms of the Hermitean covariants that are 
collected in (|D.40|) . (|D.4ip and (|D.42|) times the form factors readfH 



^^J^{p'c,cr'j-pc,crj;P^) 

{ , , [e;,(p'c)-rf][e.,(Pc)-d]l 
= <^ /i(Q^fc)e;,(py . e.^.(pc) + /2(Q^fc)^ \ 

+.9M(Q^ fc) {eq(p'c)[e.,(Pc) • d\ - 6^^.(pc)K^.(p'c) • rf]} 
ml { ^ , , K'kv'c) ■ d\{ea,{pc) ■ d\ 



Pe-Pc 



,K'XPc)-Po]KAPc)-Pe_ 



(Pc • Pc? 

, K' (P'c) ■ d] [e-. (Pc) • Pe] - K, ip'c) ■ Pc] [e,, (pc) • d] ] 



^Like in the pseudoscalar case the covariant structure wc obtain for our current resembles 
the corresponding ones of Refs. IKS94ICDKM981 . Thus, for later comparison, we have adopted 
the notation and normalizations of the spurious form factors of these works. 
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+br,{Q^,k) Aml^ 



{Po ■ Per 



K' iP'c) ■ d][e., iPc) ■ Pc] - K, ip'c) ■ Pc][e., {Pc) ■ d] 



Pc-Pc 

ipc) ■ Fc] + e iPc)K, (p'c) • Pc] 



pA* 



-,2 3 



Pc-Pc 



, K'. iPc) ■ d] [e., (pc) ■ Pc] + K, ip'c) ■ Pc] [e., (pc) ■ d] 

+bs{Q', k)^ pr-pH d^^ ■ 



(5.7) 



As in the pscudoscalar case there seems to be an ambiguity how to separate the 
physical from unphysical contributions. Again it turns out, however, that only 
the above decomposition with the associated definition of form factors gives the 
correct charge of the bound state at zero momentum transfer, as it is required 
for the physical charge form factor Gc . Again this justifies to define unphysical 
(or spurious) contributions as structures proportional to first or higher degrees 
of Pc, i.e. all structures multiplied by the spurious form factors 6i, . . . , feg in 
Eq. HEIl). 

By separation of the polarization vectors we find the covariant structure of 
the current tensor Jy{p'f^,pc, Pc)ar- 



— Jv{p'c.PC,PcTar 

= I /i (Q^ fc)g,. + /2 (Q^ fc) ^ I + gM (g^ fc) {g;^ - g^!d4 

+65(0^ fc) 4m^Pc" + h{Q\ k f^rd^-Pc^dr p, 

+briQ^k) I^^L±|^ + ^^(Q^, # . (5.8) 



The covariant structure of the bound-state current Jy{kQ, fij^kc, fij; K^.) 
is then obtained by inverting Eq. (j4.28|) . which means canonically 
boosting Jy(p'(~,, a'y,pc, aj] Pc) with Bc{~V} and multiplying with 
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1 

H 



= h{Q^ k)el. {k'c) ■ e^, (fee) + f2{Q\k)^ \ 



61 (Q2, fc)e* (fc^) . (fee) + 62(g', fc)-'' 



+HQ^k)^ K-ii 



[e;,(fet).Xj[6^,(fcc)-i^c. ^ ^ 



, (fcb) • 1] (fee) • A'c] - [e;, (fct) • i^c] [ep, (fee) • 
+h{Q\ k)^ j^-^ K^. 

, e';{k'^)KA''c) ■ i^c] + e^^Akc)[e*^, {k'^) ■ K,] 
-b7{Q^,k)2ml-^ 



[e*, (fc^) • q] [e^^ (fee) • K,] + [e^, (fc^) • i^c] [e,, (fee) • g] 

+&8(g',fc)^^^ ——^ q^ (5.9) 

-Kc • Ac 



where we have used Eq. (jB.32|) . The covariant structure of the current tensor 
Jy{k'(^;kc;K(,)^^ can be obtained from Jy{p'Q;pc; Po)aT with the help of the 
canonical boosts Bc{—V): 



— Jv(fec;fec; ATc) 



err 



— i3e(-F)/i?e(-V)/i?e(-F)^,Jv(p'c;Pc;Pc)$; 



Ap 



= |/l(Q', fc)g.r + /2(Q'' ^^C + .9m(Q', fc) {g^^gr - g^q^ 

+ ihiQ', fc)g.. + h{Q', fc)Ml + ^,3(q2^ fc)4^2 . A'cA^e. 



I J, //n2 7 \ ^erqu Kca-qr 



^ — Rf"- 
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^J^^-J^^rn,Ki^ + b,iQ ^^^^^ , 



u //o2 1 \ n 1 Sct^ct + gr ocer , / „2 i \ Io^^ct + QrKca n 



(5.10) 



where we have used Eq. (jA.6|) . 



5.3 Extracting the Form Factors 

The aim of this section is to extract the physical form factors defined by 
Eqs. (|5.6p and (|5.9I) from the corresponding expressions for the bound-state 
currents, Eqs. (|4.31D and (I4.37p . respectively. 



5.3.1 Kinematics 

In order to find explicit expressions for the form factors as overlap integrals of the 
bound-state wave functions we have to specify our kinematics. For convenience 
(without loss of generality) we choose the (l,3)-plane as the scattering plane and 
the incoming bound-state three-momenta and the momentum transfer as |Fuc07[ 
IBSFKOQj 




= kc + q, (5.11) 



with k given by Eq. (|5.2[) . It should be noted that Q is restricted by Q < 2fc in 
order to keep the bound-state momenta real. In the following we will consider 
two particular choices of frames, which are characterized by the value of k: the 
standard Breit frame with k = Q/2 and the infinite-momentum frame with 
k oo. 



Limit fc — > oo 



In the infinite-momentum frame, where k 
bound-state and electron four-momenta 



oo, we have for the incoming 



k^oo 





k 



and fcff 



V k J 



( k \ 

Q 

2 





(5.12) 



respectively. For the internal cluster center-of-mass momentum and the free 
invariant cluster mass we find in this limit [Fuc07.,BSFK09) 
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and 



mi2 



k~¥oo 



\ 



2kf + m[. 



12 ^"-1 



2kf 



(5.14) 



respectively. Further, the kinematical factors of the microscopic bound-state 
current, Eq. (j4.26p . become 



1,0 yo 



k and 




ki2 k^c 



(5.15) 



Finahy, we give the expression for the constituent current over k^ expanded in 
a series around fc = oo and keeping only terms up to 0{l/k): 

^ii f^i) 

kf 

= \e\Fl{Qf)[S,^,, 

^ L ^m'^2k? - m'^2Q^ + 2fcf Q» 2m;2(-2fcf - 2^^, i 2^ 



fc(m;2 + 2fcf ) 

2TOi2Q» 

fc(m'i2 + 2fcf)^ 

+{-ir-'^v^\o\Fm) 



kim[, + 2kf) 



0,0, 



2771^2 Qi 



A:(to'i2 + 2fcf ) 



k{m'^2 + 2fcf ) 

X I — 2i mj2(— 2fc,'^ — 2^i i Q,;), 0, 4i mim']^2j ~2(— 2iTO']^2^r + 2/iiTOx2Qi 



/ 4m'i2fc^^ - m'i2Q,; + 2kfQ, Am^jkf ^ 
\ ' kim[2 + 2k'^) ' A:(m'i2 + 2fcf)' ^ 

+0(l/fc2) 

with i = q, N. In the limit — >■ oo the above expression becomes 

•^i^ C^i' Mi! '''i' /^i) 



(5.16) 



|e| F^(Q2)<5^.^. + (-l)^-^V^^^^(g2)(5^j_^. (2,0,0,2)^ 



(5.17) 

with T = Q^/(4m^). In addition, we note that in the limit — >■ oo the four- 
momentum transfer to the (active) constituent, in particular its zero-component, 
goes over to the four-momentum transfer to the cluster: 



= kT - fc' 



A;— )-oo 



(5.18) 



5.3.2 Pseudoscalar Bound States 
Coupled Equations for the Form Factors 

The analysis in Sec. I5.2.l1 revealed that the current for pseudoscalar bound sys- 
tems Jpg(A;^; fee; A"o) has 2 vanishing components due to current conservation 
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and covariance. With the chosen kinematics given in Sec. 15. 3. li the two, in gen- 
eral non- vanishing components are Jpgi^Q, kc', K^) and Jpg(A;^; fee; Kg). This 
can be easily seen from Eq. (|5.6p by inserting (|5.1ip for the momenta. Therefore, 
we have 2 coupled equations for the form factors: 



1 



+ mlf{Q\ k) + 2 + ml b{Q\ k) = — jOs(fc'c; fee; i^e) 



2\lk^~^fiQ',k)-2^k^-^b{Q',k) - —4sikc;kc;K,). 



(5.19) 



Solving for the form factors we obtain the expressions 



/(Q^fc) 



b{Q^k) = 



^fe2+m2 y \ V 4 

(5.20) 

Jpsik'Q', kc; Kc) Jpg(fcQ; feci -^c) 



\/fc^+^ \ \ 2^fc2 + m2 2A/fc2 - Si 



4 

(5.21) 



A numerical analysis of these expressions, which will be presented in Sec. 17.11 
confirms that both, the physical form factor / and the spurious form factor b 
depend indeed on k. However, this fc-dependence of / vanishes rather quickly 
with increasing k (or equivalently increasing invariant bound-state-electron mass 
or increasing Mandelstam s) . At the same time the spurious form factor b 
is seen to vanish. It is thus suggestive to take the limit fc co to get a sensible 
result for the physical form factor / that only depends on . In addition, this 
limit removes all (unwanted) spurious contributions in the current of (j5.3p due 
to the vanishing of b [BKSllallBKSTTb) . 



Limit k oo 

Before we examine the analytic expressions for the form factors / and &, 
Eqs. (j5.20p and (j5.2ip . in the limit — > oo, we note that the point-like con- 
stituent current over fc° becomes, for fc — )• oo, equal to | e | 5^'^. (2, 0, 0, 2)'', as 
can be seen from Eq. (|5.17p . Thus, for point-like constituents, the only ex- 
pression occurring under the integral of the pseudoscalar bound-state current, 
Eq. (|4.3ip . that has not yet been investigated in this limit is the sum over the 

Wigner D-function D'^^^, multiplied by the constituent current. Evidently, this 
product becomes the trace over the Wigner ZJ-function and is given with our 
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Standard kinematics, Eq. ([SH]) . b£| |BSFK09| 



--12 



(Wl) (Tr I ) Wo Cr„ 



""12 

w' 



12 



?'«i2 mi2(m'i2 + 2fcf ) 



S. 



(5.22) 



Note that the factor 1/2 in front comes from the two Clebsch-Gordan coefficients 
that have been included in D^^^, , cf. Eq. (|4.30p . S of Eq. (|5.22p is obviously 
a finite expression. Eq. ()5.17p together with the expressions for the kinematical 
factors, Eqs. (|5.15p and (|5.22p . give rise to the conclusion that 

lim 4g(fec;fcc; A'e) \e\F{Q^) lim (5.23) 

/c— >-00 /c— >CX3 

^ lim J°s(fe^;fcc;i^c) = lim J3g(fc^;fcc;i^c). (5.24) 

We see that the microscopic current factorizes explicitly into the covariant 
times a Q^-depcndcnt integral which can be identified as the physical form 
factor of the pseudoscalar bound system. We finally end up with a quite simple 
analytic expression for F defined by Eq. (j5.20p for fc — > oo (or equivalcntly by 
Eq. (EM])) IBSFK09) : 

F(g2) := lim/(Q2,fc) 

= ^/d^fciy|g5<o(fci)^no(fci). (5.25) 

This expression is clearly independent of k. Further, we note that F{Q^) is 
independent of the reference frame since our Bakamjian-Thomas type approach 
ensures Poincare invariance. The integrand on the right-hand side of Eq. (j5.25p 
depends only on the momentum transfer Q and the internal constituent momen- 
tum k'^, which is integrated over. Details of the dynamics enter solely via the 
form of the bound-state wave function m„o (^i ) and not via the mass of the bound 
cluster. What we have achieved with Eq. (|5.25p is an impulse approximation 
to the electromagnetic bound-state form factor. In the limit fc — >■ oo the whole 
photon momentum is transferred to one of the constituents due to Eq. (|5.18l) . 
whereas the other one acts as a spectator. It should also be noted that the con- 
stituents' spins described by the spin-rotation factor S have a substantial effect 
on the electromagnetic form factor over nearly the whole momentum-transfer 
range and thus must not be neglected |BSFK09] . 

The spurious form factor vanishes in the limit fc — ^ oo [BKSllallBKSlfb] : 

lim 6(g^fc) =0. (5.26) 



^Due to the complexity of the left-hand side this equation has been computed using 
Mathematica© . 
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Furthermore, the whole spurious part of the current is seen to vanish in the 
hmit fc — ^ oo: 

hm b{Q^,k)K^ = 0. (5.27) 

Thus the electromagnetic current for a pscudoscalar bound system Jpg(Pc'Pc), 
Eq. (j4.33p . exhibits the correct cluster-separability properties in the limit 
fc — > 00. We can also turn this around and say that we have found a reference 
frame for the 7*C — )■ C subprocess in which a one-body constituent current al- 
ready provides the correct cluster-separability properties for the electromagnetic 
current of a pseudoscalar bound system [BSFKOO] . 

Projection Vector 

Another prescription to extract the form factor is similar to the one proposed in 
Refs. jKS94l[CDKM98j . Contracting the pseudoscalar bound-state current with 
the four- vector / Kq ■ in the limit fc -> oo projects out the form factor: 

F(Q2) = ^ hm J^J^^{k'c;kc-,K,). (5.28) 

I e I A;— >oo Ac ■ -lie 

This prescription for the extraction of the form factors is equivalent to solving 
the system of equations for the form factors. Both results for F{Q^), Eqs. (|5.28p 
and (|5.25p . coincide. 

Physical Current 

With a prescription for eliminating the unphysical contributions we are now 
able to define a physical covariant current of a pseudoscalar bound system that 
satisfies all required properties including macrocausality. It is given by 

I^siV) ■■= B,{Vr^ hm J^sik'c;kc;K,) . (5.29) 

Comparison with the Standard Front-Form Approach 

We extract the electromagnetic form factor of a pseudoscalar bound system in 
the limit A: = |fec| ~^ oo. It means that we consider the subprocess where 
the photon is absorbed or emitted by the the bound state in the infinite- 
momentum frame of the bound state |BSFK09] . This offers the possibility of 
making a direct comparison with form factor analyses done in the front form 
of rclativistic dynamics. The fc — > oo limit with our standard kinematics, as 
chosen in Eq. (j5.1ip . implies in particular that we work in a reference frame 
in which the plus component of the four- momentum transfer q'^ := q'^ + 
vanishes. q~^ — frames are also popular in the form-factor studies in front 
form |CCP88[lKP9niSim02[ICP05j . One reason is that the impulse approxima- 
tion can be formulated consistently in any q^ ~ frame (for the plus component 
of the current operator) [KP91| . The other benefit is that, so-called, Z-graphs 
are suppressed in such frames [Sim02j . 

Our point-form calculation can be related to front form results by an ap- 
propriate change of variables. To show this relation we define the longitudinal 
momentum fractions z as 

1 . , 
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and introduce the short-hand notation 



fcW := 



TJiO 



(5.31) 



for the intrinsic transverse momentum of the active incoming (outgoing) con- 
stituent. From Eq. (j5.13p we infer that 



z = z' and fc^ = + (1 — z) q± with q± 



Q 





(5.32) 



The free invariant mass of the incoming (outgoing) 12-system can then be writ- 
ten as 



'12 



k 



{')2 



zil-z) • ^'-''^ 

With these relations the Jacobian for the variable transformation 
{kY, If, fcf } ^ {z, k\, k"]} becomes 



d{k\',kl',kl') _ m 



12 



d[z,k\,kl) 4z(l-z)' 



(5.34) 



Then the integral for the electromagnetic form factor takes on the 
form IBSFK09! 



F(Q2 



1 

An 



dz 



d^fc 



i.^^^A^<0(fci)-n0(fcl). 



(5.35) 



The argument of the wave functions is easily expressed in terms of z and k±^ if 

/4 and Eq. (|5.33p . By the change of variables the 



one uses k 



(02 



,(')2 
'12 



spin- rotation factor S, cf. Eq. (|5.22p . goes over into the Melosh- rotation factor 
of Ref. |(X;P88] 

"^12 f , , (1 - z) (q_L • k±_) 



M = 



1 



kl 



(5.36) 



S and M describe the effect of the constituents' spin onto the electromagnetic 
form factor in point form and in front form, respectively. Eqs. (|5.35p and (|5.36p 
are identical to the corresponding formulae in Refs. |CCP88[ISim02| . This is a 
remarkable result. Starting from two different forms of relativistic dynamics and 
applying completely different procedures to identify the electromagnetic form 
factor of a pseudoscalar bound system the outcome is the same. It means that 
relativity is treated in an equivalent way and the physical ingredients are alike. 
Since the infinite-momentum frame we use is just a particular (7+ = frame, 
Z-graph contributions to the electromagnetic form factor are also suppressed in 
our point-form approach. This is a welcome feature, because Z-graphs can play 
a significant role in 7^ frames [Sim02j and one should have control on them 
when form-factor predictions are compared with experiment. 



Comparison with Covariant Light-Front Dynamics 

The above standard front form of relativistic dynamics, which is characterized 
by the light-front plane x^+x'^ = (cf. Sec. l3.2p is not manifestly (explicitly) co- 
variant due to the dynamic nature of some Lorentz transformations that change 
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the orientation of the hght front. This problem can, however, be overcome by 
introducing an arbitrary hght-hke four-vector cj^ that defines the orientation 
of the hght front which is then described by the equahty lj ■ x = 0. Such 
an expUcit covariant hght-front approach has been formulated in the works of 
Refs. |KS94[[CDKM98] . The particular choice of w = (1,0,0,-1) then corre- 
sponds to the standard (non-covariant) front-form approach. 

The Lorentz structure of the current Jpg(fcQ; fee; ii'e) for a pseudoscalar 
bound state described by Eq. (|5.3D resembles the corresponding current obtained 
within the covariant light-front dynamics of Refs. [KS94. CDKM98, . In these 
works the authors encounter a spurious (unphysical) contribution to the current 
which is associated with cj^. Their spurious contribution is comparable to our 
spurious contribution if w'' is identified with Kj^. It has already been mentioned 
that spurious ife-dependent terms in the current of our point-form Bakamjian- 
Thomas approach can be traced back to the violation of cluster separability. 
However, by taking the limit fc — >■ cx) we can eliminate these cluster separability 
violating effects jBKSllaj . In the covariant light-front formalism the spurious 
w-dependcnt contribution is rather the consequence of the most general ansatz 
for a current of a pseudoscalar bound-state that includes the orientation of the 
light front. 

In the standard light front approach, i.e. w = (1,0,0,-1), the electromag- 
netic form factor of a pseudoscalar bound state is usually extracted from matrix 
elements of the plus component of the current operator. Due to w+ = in the 
standard case, the second (spurious) part of the current proportional to does 
not contribute |KS94| . Therefore, it is not surprising that standard light- front 
and covariant light-front dynamics give the same results for the form factor of a 
pseudoscalar bound-state, which is some way a special case due to the simplicity 
of spin-0 systems. Consequently, taking the plus component of the current to 
extract the form factor in the standard light-front approach plays a similar role 
to taking the limit fc — > (X) in our approach in the sense that in both cases one 
gets rid of the spurious contribution in the current. 

Comparison with the Point-Form Spectator Model 

Relativistic point-form quantum mechanics has also been applied in 
Ref. |WBK"'"0"TllB"'"02j to calculate electroweak baryon form factors within a 
constituent quark model. The strategy for the extraction of electromagnetic 
form factors, however, differs from the one in the present work. We apply the 
Bakamjian-Thomas type framework to the full electron-bound-state system in 
order to derive the electromagnetic bound-state current. In their works the 
Bakamjian-Thomas framework for the bound-state system is only used to ob- 
tain the bound-state wave function. This wave function is then plugged into an 
ansatz for the electromagnetic bound-state current. The ansatz is constrained 
by the requirements of continuity and covariance. It is shown that these con- 
straints can be satisfied by a spectator current if not all of the photon momentum 
is transferred to the active constituent. The momentum transfer to the active 
constituent qi is uniquely determined by total four-momentum conservation for 
the 7*C — C subprocess and by the spectator conditions. An ambiguity in 
defining such a spectator current, however, enters through a normalization fac- 
tor which has to be introduced in order to recover the bound-state charge from 
the electric form factor in the limit — > |MCP W05] . Since both quantities. 
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qi and the normalization factor depend effectively on all quark momenta and 
not only on those of the active ones, the model current constructed in this way 
cannot be considered as a pure one-body current jMBC^OT] , It has therefore 
been termed point-form spectator model to distinguish it from the usual impulse 
approximation. 

A comparison of our result for the form factor with the one of the point- 
form spectator model reveals that the dynamics enter into the former solely 
via the bound-state wave function, whereas the latter also exhibits an explicit 
dependence on the bound-state mass mc- Within the point- form spectator 
model the eigenvalue spectrum of the mass operator is thus directly connected 
with the electromagnetic structure of its eigenstates |BSFK09] . We shall come 
back on this issue when doing a numerical comparison between both approaches. 

5.3.3 Vector Bound States 
Current Matrix Elements 

By a numerical analysis, whose dynamical ingredients will be discussed in detail 
later, using the standard kinematics of Eq. (jS.lip we observe that our vec- 
tor bound-state current Jy(fc^, ; fee, Mj; -f'^o) of Eq. (|4.37p has, in general, 11 
independent, non-vanishing matrix elements. They are given by (using the 
short-hand notation Jy(fc^, /i^; kc^j] K^) = Jyi^J-'j, IJij))'- 

4(1,-1), 4(1,-1), 4(0,0), 4(0,0), 4(1,0), 4(1,0), 



4(1,0), 4(1,0), 4(1:1), 4(1,1), 4(1,1). (5.37) 

This confirms numerically the outcome of the formal analysis in Sec. 15.2.^ Note 
that the remaining non- vanishing matrix elements are related to the above ones 
by the following relations: 

4(1,-1) = 4(-l,l), (5.38) 

4(1,-1) = 4(-l,l), (5.39) 

4(1,1) = 4(-l,-l), (5.40) 

4(1,1) = 4(-l,-l), (5.41) 

4(1,1) = -4(-l,-l), (5.42) 

4(1,0) = -4(-l,0) = 4(0,-1) = -4(0,1), (5.43) 

4(1,0) = -4(-l,0) = 4(0,-1) = -4(0,1), (5.44) 

4(1,0) = -4(-l,0) = 4(0,1) = -4(0,1), (5.45) 

4(1,0) = 4(-l,0) = -4(0,1) = -4(0,-1). (5.46) 



Limit k ^ oo 

Of the 11 form factors only the 3 physical form factors /i, /2 and are of 
interest. We extract them from Eq. (|4.37p by using the decomposition (|5.9p . As 
in the pseudoscalar case, we take the limit fc — > oo where the form factors become 
independent of k. Furthermore, using our standard kinematics, we observe that 
the zeroth and third component of the current become identical in this limit, 
i.e. 

4^^. := hm 4(m;, A^,) = lim 4(/^;, M.) = 4'^, ' (5-47) 
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which reduces the number of independent matrix elements from 11 to 7. This 
means, however, that 4 of the 8 spurious contributions cannot be ehminated by 
simply taking the limit fc — > oo. This complication occurs due to the complexity 
of spin-1 bound systems as compared to the previous spin-0 case. Nonetheless, 
a careful analysis (cf. App. IF.ip of the covariant structure of the current reveals 
that the 3 current matrix elements J^i, J°_i and Jfi do not contain leading 
order spurious contributions (for a similar analysis in the light-front formalism 
see Ref. [MS02| ). These "good" matrix elements are therefore appropriate for 
the extraction of the physical form factors, which are then given by the following 
rather lengthy expressions (for a derivation we refer to Add. IFT]) : 

Fi(Q2) := lim/i(0^fc) 

A;— ^oo 

= -A lim [4(1,1) + 4(1,-1)] 
e fc-i-oo 2k 



1 

An 



+ ^ {FliO") + ^^I(Q')] {Sl^ + S\-^)) , (5.48) 



F2((r) := lim/2(Q2,fc) 



^ lim 44(1,-1) 



I C I 7] fc->oo 2fc 

11/" i3r/ /'^i2 



d^fci^^Kio (fci) ""0 (fci) 



: { [F^iQ') + F^iQ')] Si-' + [F^iQ') + F|(Q^)] 5^^} , 

(5.49) 



Gm(Q') := lim,9M(Q',fc) 

k^oc 
- '_J2 

lelQ-^" 



(5.50) 



/^[fUQ') + F,'{Q')] {imSl' + ~k['S',')} , 

with 77 = (5^/(477?,^). Here Si'^\ 82^^' and ^3^^^ are the spin rotation factors 
given by 

'^r^'^ - ii^^E4M.[^^^.(-l'^c («.!.))] Cj;^.,^ 

Xi)|^. [^W. (^2,5-' (l<^'l2) Sc (t^l2))] 

xC;;|.,,4,, [^^^, (^,i?-MK2))] , (5.51) 
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xcY^,^^,dI,_^^ [i?^ K,i?-i K2))] , (5.52) 

x4iA2 [^W. (^2,i3e'^ W2) Be (1^12))] 

[^^^ K'^^' . (5.53) 



The expressions for the form factors Eqs. (|5.48p - (|5.50p cannot be simplified 
further hke in the pseudoscalar case. However, for point-hke constituents hke 
quarks with FKQ^) + F^{Q^) = 1 and F^{Q^) = F^Q^) = 0, they become a 
httle bit shorter. 



Projection Tensors 



Another, equivalent prescription to extract the physical form factors is proposed 
in Refs. |KS94[[CDCT98| . To this end we define appropriate tensors F[^ , F^^ 
and that project out the form factors Fi, F2 and Gm from the current 

tensor Jy{kQ, kc, Ke)'^^. These projection tensors arc fixed by Eq. (jS.lOp and 
given by [KHMIICDKMM] 



TPCTT 



TTlCTT 



GCTT 



Cfl 



Kr. ■ K( 



[K, ■ Kef 



g 



-Ami 



q-I^ - q-K- 



c 



K, 



Cfl 



K,-Kc 



-K 



)2 K, ■ K 

glKl + glK- 

K,-Kc 
, q^Kl - q-K- 
^ {K,-Kc)q' 



q-K^C - 9"^C 



-2K 



K^.Kl K-^Kl - K^K- 
K,-Kc 

, k-k; 

q^K,-Kc) \k,-KcY 



""{K.-KcY 
q-K^ - q^K- 



(5.54) 



(5.55) 



9m- 



q^K^ + q^K^ 
{K, ■ Kc)q^ 



(5.56) 
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Then the form factors are obtained by contraction of the projection tensors with 
the current tensor: 

Fi(Q2) ^ 1- \hn F,^;Mk'c,kc,KXr, (5-57) 
I e I fc— >oo ^ 

F2{Q'') = ^ lim F^^ Jv{k'c,kc, K^r , (5-58) 

Gm(Q') = ^ Km G^;jv(fet,fcc,/^c)^.. (5.59) 

These are finite expressions and independent of A:. It can be shown that these 
expressions are identical to the corresponding ones obtained from current matrix 
elements, Eqs. ((OSt . (I09)) and ((530)) (for details, see App. IF.2p. 



Physical Current 



We have already discussed in Sec. I4.4.41 thc failure of showing continuity for the 
bound-state current Jy (p'q , cr^ ; pc ,<7j;Pc). Actually the current is not conserved 
due to the spurious contributions of 67 and fcg (cf. Eq. (|5.8p ). A numerical 
analysis using our standard kinematics shows that these contributions do not 
cancel such that there is a non- vanishing contribution to Jy(l, 0). Even in the 
/c — >■ cx) limit these continuity violating contributions survive. Nevertheless, 
with an unambiguous prescription at hand to separate the physical from the 
unphysical contributions we can define the physical part of the current by 



1 



h{Q\k)e*,Xk'c) ■ e^,{kc) + h{Q\k) 



2m2 



-.9M(Q^fc) e^;Xk'c)[e,^{kc) ■ q] ~ e^^^{kc)[e;,{k'c) ' Q 



(5.60) 



The covariant physical current is then obtained from Eq. (|4.28p by 
■■= i?c(V)^. lim /^(fct,A*;;fcc,/i,) 

(5.61) 

This current satisfies all required properties including current conservation and 
macrocausality. 



Angular Condition 

The four matrix elements /"j^ , , /J'q and /"g with /y , (0) =: I^, depend 

on the 3 physical form factors and hence are not independent from each other. 
They satisfy the, so-called, angular condition (cf., e.g., Refs. |GK84[[CDKM98l 
IKT02] ) 

(1 + 2r;)/?i + - 2v/2^/?„ - = , (5.62) 
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where 77 = -7^-^. For the matrix elements of the fuh current J^, inchidina; 
spurious contributions the angular condition is, however, not satisfied due to 
the spurious contributions of and B-j (cf. Eqs. (jF.32|) - (jF.35|) ): 



lim — 

fc— >oo 2k 



e 



(1 + 27?) J° (1, 1) + 4(1, -1) - 2v/2^4(l,0) - 4(0,0) 

\ [B^iQ^) + BriQ')] , (5.63) 

with B,(Q2) := limfc^oo 6^(<9^ k). 

From Eq. (|5.63p it becomes evident that the 4 matrix elements 4, 4_i, J^q 
and Jqq cannot be used to extract the 3 physical form factors in an unambiguous 
way. In the literature different triplets have been chosen to calculate the form 
factors |(:!K84l[CPnK88llBH92IIFCT^ . These different prescriptions lead to, 
in general, different results for the form factors due to non-physical contribu- 
tions that enter the form factors (for a numerical and analytical comparison of 
different approaches, see Ref. [CGN+QS] and Ref. |Kar96j . respectively). It is 
clear that if the angular condition were satisfied, different prescriptions would 
lead to the same form factor results [Kei94[[CDKM98| . However, the magnetic 
form factor obtained from the plus component current would still contain the 
spurious form factor Bq (for the relations between the form factors obtained 
from different prescriptions cf. Ref. [CDKM98]). Translating to our case this 
can be seen from Eqs. (|F.33|) and (|F.34|) : 

GM(g')"i?6(Q')-^ lim i(4(l,0)- ^^4(1,1)). (5.64) 

Anyway, as we shall see later by a numerical analysis, the spurious contributions, 
that violate continuity and the angular condition together with Bq , are relatively 
small. 

Gc, Gq and Elastic Scattering Observables 

The charge and quadrupole form factors Gc and Gq , respectively, are expressed 
through Fi, F2 and Gm by 

Gc(Q') = -Fi{Q')-^[F,iQ^) + GM{Q')-F2{Q'){l+v)] , 

(5.65) 

Gq(O') = -Fi(Q')-Gm(Q') + ^^2(Q')(1 +77). (5.66) 
These form factors have the limits given by 

lim Gc(Q') = 1, (5.67) 

lim Gm(Q') = /iv, (5.68) 

lim Gq(Q2) = Qv, (5.69) 

where -1-1 is the charge in units of the fundamental charge | e |, fxy the magnetic 
dipole moment in units of | e |/277ic and Qv the electric quadrupole moment in 
units of I e I/ttiq. For point-like spin-1 bound systems the magnetic dipole and 
the electric quadrupole moments are /iy — 2 and Qy = ~1, respectively. 
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The usual observables of elastic scattering of an electron by a vector bound- 
state are the structure functions A{Q^), B{Q^) and the tensor polarization 
2l2o(Q^)- B{Q^) are determined from the unpolarizcd laboratory frame 

differential cross section using the Rosenbluth formula. They are given in terms 
of form factors by 

A{Q') = GUQ') + Iri'GliQ') + ^rj GUQ^) (5.70) 

and 

B{Q^) = ^,i{1+ii)GUQ^). (5.71) 

The observable T2o(Q^) for quadrupole polarization is extracted from the dif- 
ference in the cross sections for target bound states having canonical spin po- 
larizations /ij = 1 and =0. In terms of form factors it reads 

r2o(Q') 

_ /2 hGl{Q^) + |G'q(Q^)Gc(Q^) + \{k + (1 + ^) tan^(g/2))Gg,(g^) 

A(g2) + B(Q2)tan2(0/2) 

(5.72) 



Comparison with Covariant Light-Pront Dynamics 

The covariant structure of the bound-state current Jy (fc^ , /i^- , fee ■, l^j , Kq) resem- 
bles the corresponding one obtained within the covariant hght-front approach 
of Refs. |KS94[[CDKM98| . In these works the authors encounter 8 spurious 
contributions to the current that are associated with w''. These cj-dependent 
spurious contributions correspond to our A'c-dcpcndcnt spurious contributions. 
As in the pseudoscalar case, our spurious contributions to the spin-1 current 
can be traced back to the violation of cluster separability (cf. Sec 13.4. 4p . The 
w-dependent contributions of Rcf. |CDKM9"8] arc rather the consequence of the 
most general ansatz for a current of a vector bound state. The difference to 
the pseudoscalar case is, however, that we cannot completely get rid of all 8 
spurious contributions by simply taking the fc — > oo limit. This resembles the 
situation in standard light-front dynamics with w = (1,0,0,-1), in which the 
extraction of the form factors is based on the plus component of the current 
operator. By restricting to the plus component in the standard approach the 4 
spurious contributions of Bi, . . . , B^, proportional to lo^ , are eliminated. How- 
ever, the contributions of B^, . . . , Bg survive which lead to the violation of the 
angular condition. In this sense the prescription of taking the limit fc — > oo 
in our approach can be compared to taking the plus component of the current 
operator in standard light-front dynamics. 

The only consistent way to extract the physical form factors unambiguously 
in covariant light front dynamics is the method of projecting them out of the 
current tensor by means of appropriate tensors (cf. Refs. |KS94[[CDKM98] and 
the above discussion). After elimination of the spurious contributions the spin 
matrix elements of the plus component of the remaining physical part satisfy 
the usual angular condition, Eq. (|5.62p . 
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Comparison with Point-Form Spectator Approximation 

The point-form of rclativistic dynamics has also been used to calculate the 
elastic form factors of a vector system, cf. e.g. Ref. |AKP01j . Similar as in 
the point-form spectator model the Bakamjian-Thomas type framework is only 
applied on the Hilbert space of the 2 constituents (and not on the electron- 
bound-state Hilbert space as in our case). This means that cluster separability 
is trivially satisfied. The point-form Bakamjian-Thomas construction is used to 
obtain the bound-state wave function and the bound-state mass which are then 
inserted into a general ansatz for a Lorentz covariant electromagnetic bound- 
state current for a spin-1 system. The independent matrix elements of this 
spectator current are defined in the Breit frame where the Jy(l, — 1) contribution 
vanishes. The constraints from current conservation are also imposed in the 
Brcit frame where they are most easily satisfied. Due to the kinematic nature 
of Lorentz transformations in the point form the current can be transformed 
into any arbitrary frame. This procedure ensures that the angular condition is 
satisfied. The 3 electromagnetic form factors are then extracted in the Breit 
frame from the 3 independent current matrix elements. As in the case of the 
spectator model, the momentum transfer on the active constituent is greater 
than the momentum transfer on the bound state [AKPOlj . 



Chapter 6 



Models 



6.1 Introduction 

In order to carry out a numerical analysis of the form factors derived in the 
previous chapter we have to specify the dynamics to obtain a bound-state wave 
function and a bound-state mass that can be inserted into the analytical expres- 
sions for the form factors. In this chapter we introduce the particular models we 
will be using in order to describe the interaction between the constituents. For 
simplicity we will restrict ourselves to instantaneous interactions which can be 
used within the Bakamjian-Thomas framework without losing Poincare invari- 
ance. According to Eq. p.Sp the term mint describing this instantaneous interac- 
tion is added to the free invariant two-particle mass operator toi2. For hadrons, 
such as the tt meson (pion) or the p meson, we need a confining quark-antiquark 
interaction which will be modeled in our case by a simple harmonic-oscillator 
potential |KP91j . For nuclei, such as the deuteron, the interaction between the 
2 nucleons is described by a simple Walecka-type two-meson-exchange model. 
In the static approximation each term of this potential becomes a usual (instan- 
taneous) Yukawa interaction. 

6.2 Harmonic-Oscillator Model for Mesons 
6.2.1 Wave Function 

The fact that particles with color, like quarks, are not observed as free particles 
is known as confinement. The three-dimensional isotropic harmonic oscillator 
provides already a simple analytically solvable model for 2 quarks with a con- 
fining interaction. In the following we will restrict ourselves to the case of equal 
quark masses mq. We start our rather brief discussion, which goes along the 
lines of Refs. |KP91IIKra01| . by squaring the mass operator in Eq. p.8p to obtain 



-2 -2 , ~ 2 



int ■ 



(6.1) 



By setting 



'int 



k ' 



(6.2) 



85 



86 



Models 



the square of the total mass operator TOq in Eq. (j6.1|) takes the form of a 
harmonic-oscillator Hamiltonian. Here the parameter a is the oscillator length. 
The corresponding eigenvalue problem for 

m^if (fc) = ml.1r{k) (6.3) 

leads to the eigenfunctions ^{k) = 'Fni^^{k) = Uni{k)Yi^^Qi,)- Here the radial 
wave function is given by 

whcrc Ln ^ are the generalized Laguerre polynomials. The eigenvalues of 
are given by 

mil = 8a^ + ^ + + 4»T^q- (6-5) 
6.2.2 Parameters 

There are just 2 free parameters in this simple model, the oscillator parameter 
a and the quark mass mq. For the simplest case of the ground state the wave 
function reads 

2 _ i2 

um{k) = 1 3 C 2^ . (6.6) 

The wave function is solely determined by the oscillator parameter a (cf. 
Eq. (j6.4p ). We are going to use 2 sets of parameters which are fixed either 
by fitting the electromagnetic pion form factor or by fitting the mass spectra. 
For the latter we observe that a free constant cq can be added to the confinement 
potential to shift the mass spectrum without changing the wave function. We 
have fixed the parameters a, mq and cq for the harmonic-oscillator confinement 
potential through the vector- meson spectrum as done in Rcfs. |Kra01llKSK03j . 
With the values for the parameters a = 312 McV, cq = —1.04 GeV^ and 
mq 340 MeV; the masses moo and mio of the vector-meson ground states 
and first excited states, respectively, are reasonably well reproduced |KSK03| . 
Applying them to the tt and p meson and its excitations we observe that the 
first and second radial excitations are about 10% too high as compared to ex- 
periment and the tt and p ground state have a mass of 770 MeV [Kra01IIKSK03j . 
These arc quite reasonable values for a pure central confining potential in view 
of the fact that spin-spin forces from an additional hyperfine interaction can 
bring them close to the experimental masses jCKP83| . 

6.3 Walecka-Type Model for the Deuteron 

In this section we propose a simple nucleon-nucleon interaction potential that 
is inspired by the, so-called, Walecka model |Wal74j . The derivation presented 
here can also be found in Ref . jBBlOj . It is the first step of a benchmark calcu- 
lation with the purpose to reach unanimity in different approaches of few-body 
physics regarding the definition of 'rclativistic effects'. The idea is to find a 
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common ground on which the deuteron electromagnetic form factors are calcu- 
lated in various approaches and then compared with each other. All numerical 
computations of this section have been carried out with Mathematica® . 



6.3.1 Introduction 

We define an interaction Lagrangean density that is simple enough to derive a 
simple, effective nucleon-nucleon interaction, but realistic enough in the sense 
that this interaction supports an s-wave bound state that resembles the s-wave 
part of the deuteron. The Lagrangean chosen is inspired by the cr— w-modcl, also 
known as the Walecka model [Wal74| . which is also often referred to as quan- 
tum hadrodynamics |SW97| . The present model means a drastic simplification, 
which, of course, does not meet the sophistication of realistic nucleon-nucleon 
interactions found to be needed to achieve precise agreement with the data. 
Below we apply this idea in the simplest possible context, namely to write the 
interaction in the form of a static potential to be used in the non-relativistic 
Schrodinger equation. Our model is compared throughout to the Malfliet-Tjon 
potential |MT69j . The Walecka model requires a regularization procedure for 
which we take Pauli-Villars regularization |PV49| . This amounts to introducing 
for every exchanged physical boson an unphysical one that regulates the bo- 
son propagator in such a way that the interaction defined by boson exchange 
becomes well-behaved in momentum space. 



6.3.2 Lagrangean Density of the Walecka Model 

We use the system of natural units c = h = I, which means that masses and 
momenta are given in MeV and radii in 1/MeV. The translation to lengths in 
fm is given hy he = 197.3 MeVfm. 

The interaction Lagrangean densities in the Walecka model are given 
by |Wal74l[Nai75l|Ri]74l 

^fnti^) = ga'4'N{x)lpN{x)a{x) (6.7) 

and 

£Z^{x) = igj^ixh^^^{x)6j'^(x) + J^i,^{x)a^J^{x){d''u;''{x) - d^u^ix)). 

(6.8) 

Here ip-^ix) denotes the nucleon field of mass ton, o'(a;) denotes a neutral scalar 
meson field of mass to^ and uj'^{x) denotes a neutral vector meson field of mass 
niu, . Cf^ {x) describes the coupling of the scalar meson (cr) to the nucleons and 
£.f^{x) describes the coupling of the vector meson (cj) to the nucleons. Using 
the Feynman rules the second-order amplitudes for scalar and vector exchange 
become, respectively 

^fntCK,~ki) = gl^f.'^(,k[)uf,,{ki)-^^ J- ^%(fc^)u^,(fc2), (6.9) 

(k^ — ki) TO^ 



TO;, 



xu~Ak'2)luUf,,,{k2) . (6.10) 
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Here we use Dirac spinors normalized to unity, i.e. v,a{p) '■= "75^'"o'(p)- Note 
that for simplicity we take only pure vector exchange for the w meson. This can 
be justified by looking at a comparison of different models for the vector-meson 
exchange in Ref. |Erk74| . Realistic models favour no, or only very small tensor 
coupling for the w meson. 

For the Pauli-Villars particles, the same basic forms for the second-order 
matrix elements arc used with one difference: the amplitudes have opposite 
sign. This sign difference is, of course, the reason why the Pauli-Villars bosons 
provide regularization of the potentials. 



Static Potentials in Momentum Space 

In the static (non-relativistic) approximation the amplitudes turn out to be (for 
details see App. [G]) 

- (6.11) 

and 

-rnt(gi) = -J^, (6-12) 

where qi := k[ — fci denotes the exchanged three-momentum. The energies 
occurring in the Dirac spinors have been approximated by the nucleon masses 
and only the large components of the Dirac spinors are retained. 



Potentials in Coordinate Space 

The potentials in configuration space are given by the Fourier transforms of 
expressions (|6.1ip and (|6.12p : 

This integral can be done by contour integration giving the usual Yukawa po- 
tential fPS95] 

V^^r) = ~^ , (6.14) 

47r r 

where r = |r|. Similarly for the vector-meson-exchange potential: 

2 „-m^r 

V^^{r) = ^- . (6.15) 

in r 



Pauli-Villars Regularization 

In the Pauli-Villars regularization prescription one introduces fictitious heavy 
particles in the Lagrangean density. Then the regularized interaction La- 
grangean density is given b}[3 

+igcr4'N{x)ip-t^{x)apY{x) + g^-ip-t^{x)jf_,iJj-M{x)(li^y{x) , (6.16) 

^Note that we include only one Pauli-Villars field for either meson. This is sufScicnt for 
cutting off the kernels in momentum space if the effective interaction is obtained by taking 
matrix elements between on-mass-shcU nucleons. Otherwise, e.g. if one uses the Bethe- 
Salpeter equation, more Pauli-Villars fields are needed IKar| . 
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where apy{x) and uJpy{x) are the Pauh-Villars fields with large masses A^^ and 
yl^, respectively. Note that we couple the Pauli-Villars bosons with the same 
strength as the physical bosons but with an additional factor i, which translates 
in second order into a relative minus sign of the amplitudes. 

This introduction of Pauli-Villars fields in the Lagrangean results in making 
the following replacement for the cr-meson propagators in Eq. (j6.1ip : 



1 1 



qf + ml ql+ ml qf + Al' 
Similarly for the w-mcson propagator in Eq. (|6.12p : 

1 1 1 

qI + ml q'l + ml qj + Al ' 



(6.17) 



(6.18) 



Therefore, the Walecka potential in configuration space finally reads 

V{r) = -^- + + ^- . (6.19) 

An r An r An r An r 

6.3.3 Coordinate Space 

Solving the Schrodinger Equation and Fixing the Parameters 

The two-body s-wave (/ = 0) Schrodinger equation for the reduced deuteron 
wave function wo{r) := ruo(r) reads 



2mred dr^ 



y(r) 



wo{r)^EBWoir), (6.20) 



where 

2mrod = = 938.92 McV/c^ w m^ . (6.21) 



The potential has the form, (re)cxprcssing r in fm and the A's in fm ^ 
V{r) ^ he 



Att r At: r An r An r 



(6.22) 



where the quantities A are the Compton wavelengths of the corresponding meson 
masses, e.g. Xa ~ h/ma-c. 

We use the existing data on the recommended cr-meson mass, the experimen- 
tal w-meson mass, the deuteron binding energy, and the triplet scattering length 
to fix the parameters. For the Pauli-Villars particles we use the mass values (cut 
off values) A^ = 1000 McV and A^ ~ 1500 McV, which are reasonable values 
for these cut offs, although they are somewhat smaller than usual. We did not 
vary them, because the model proposed here is simply not realistic enough to 
warrant much effort in this direction. Yet, we wanted this model to produce 
a reasonable s-wave deuteron wave function. The values of the parameters we 
found are given in Tab. 16.11 

The potential is depicted in Fig. 16. II together with the simple Malfiiet-Tjon- 
III potential |MT69| . It is clear that the present model has stronger attraction 
at intermediate range and stronger repulsion at short range than the Malfliet- 
Tjon potential. This difference can be expected to show up in the bound-state 
wave function at intermediate range. 
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parameters (units) 


present 


present, no PV 


MT IMT69I 


Eb (MeV) 


-2.224575 


-3.36772 


-2.27203 


at (fm) 


5.4151 


4.58658 


5.4739 




6.31 


6.31 


3.22749 




18.617 


18.617 


7.40758 


A,, (fm) {m^ (MeV/c^)) 


0.493317 (400) 


0.493317 (400) 


0.643087 (306.8) 


A^(fm) (m„(MeV/c^)) 


0.25211 (782.7) 


0.25211 (782.7) 


0.321543 (613.6) 


Apv. (fm) (yl„ (MeV/c^)) 


0.19732 (1000) 


(oo) 


(oo) 


Apv^ (fm) (yl„ (MeV/c")) 


0.131551 (1500) 


(oo) 


(oo) 



Table 6.1: The values for the masses and coupling constants are chosen such that 
the deutcron binding energy Eb and the scattering length at arc well reproduced. 
These values are also similar to those proposed in [Erk74| . 



V{r) (MeV) 
100 



50 - 



-50 - 



-100 




present model 
present model, no PV 

Malfliet-Tjon III |MT69| 
r (fm) 



Figure 6.1: The present potential with and without Pauli-Villars regularization 
compared with the Malfliet-Tjon potential |MT69j . The parameters are given 
in Tab. mH 



The Schrodinger equation (j6.20p is solved numerically, with the solution 
'Wo{r) being subject to the boundary condition wo{0) — 0. The normalized 
bound state wave function wo{r) is depicted in Fig. 16.21 

As a characteristic quantity that measures the quality of the wave function 
non-locally, we calculated the mean-square radius defined by |BLOT90] 

1 

{r') :=- drrV,{r). (6.23) 

We find a value for the root-mean-squared radius (r^) — 1.95015 fm close 
to Malfliet-Tjon's value (r^) = 1.97625 fm. This is also in accordance with 
other results for the deuteron root- mean-square radius jBLOT90] . The triplet 
scattering length at is obtained from the solution wo{r) of the Schrodinger equa- 
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Wo(r)(fi 



— present model 




present model, no PV 
Malfliet-Tjon III |MT69| 



10 



15 



20 



r (fm) 



Figure 6.2: Present model wave functions with and without Pauli-Villars reg- 

ularization compared with the Malfliet-Tjon model wave function in units of 

_ 1 

fm 2 . The Schrodinger equation for the Malfliet-Tjon potential is solved with 
the parameters given in Tab. 16.11 



tion Eq. (|6.20[) corresponding to Eb — 0, see Fig. 16.31 Wc find the value 
at — 5.421 fm, compared to the experimental value of 5.432 fm |Rij06| . It 
is amusing to check the importance of the Pauli-Villars bosons in the static ap- 
proximation, where they are not needed for convergence. In Table [6Tl1 we give 
the values of the energy and the scattering length in the situation that these 
bosons are omitted. Clearly, the values of the bound-state energy, —3.368 MeV, 
compared to —2.225 MeV, and 4.587 fm compared to 5.421 fm, are quite rea- 
sonable, although of course far outside the error bounds of the experimental 
data. 



Body Form Factor 

As wc do not specify the charges of the fermions in the simple benchmark model, 
we calculate the body form factor of the bound state only. For the s-wave bound 
state found here, it is given by the well-known formul4j |BJ76j 

/>oo 

FB{qi)= / drjo{qir)wl{r), (6.24) 
Jo 

where 3o{qir) ~ sm{qir) / (qir) is the first spherical Bessel function and wo('') is 
normalized as 

dru;^(r) = l. (6.25) 







^Fsiqi) corresponds to the electric charge form factor Gc(2(ji) (cf. Ea. l5.65ll for point-hke 
nucleons and for the relativistic kinematical factors and spin-rotation factors set equal to one. 
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Wo{r) 



4 



Was(r) = 5.421 - r 



-2 



-4 



2 




10 



r (fm) 



Figure 6.3: Wave functions at energy Eb ~ for the present model with and 
without Pauh-Villars regularization included in the potential. The scattering 
length is determined by a linear fit to the wave function at large r. 



This normalization guarantees Fb{0) = 1. The resulting form factor for the 
present model is depicted in Fig. 16.41 

The small-qi behaviour can be read off in the usual way from the small- a; 
behaviour of the spherical Bessel function, namely jo(x) ~ 1 — which gives 



In Fig. 16.51 we show the form factor at small qi together with the limiting form 
given in Eq. (|6.26p . (Note the factor 4 that comes from the factor 1/4 in the 
definition of (r^), Eq. (lOS)) .'! 



6.3.4 Momentum Space 
Solving the Integral Equation 

In order to facilitate the comparison of our model with calculations restricted 
to momentum space, we transformed the Schrodinger equation to momentum 
space which is the integral equation obtained by Fourier transforming Eq. (j6.20p : 




(6.26) 




/ 



d3^' 



mint(|fci - k[\)uo{k') = EBUo{k) , 



(6.27) 



(27r)3 
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Figure 6.4: The form factor in the present model including Pauli-Villars regu- 
larization. The form factor for the Malfliet-Tjon deuteron is indistinguishable 
on this scale. 



1 

0.8 

0.6 
0.4 
0.2 
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FB{qi) 



l-2{r')q!/3 



100 x 150 



200 



qi (MeV/c) 



Figure 6.5: The form factor together with the form for small qi. 



where 



mint{\k~k'\) = --TT 



{k-k')^ + ml {k-k')^ + Al 



(fc - fc')^ + ml {k- k'Y + Al 
Note that Eq. (|6.25p fixes the normalization of uo(fc) as 



(6.28) 



(6.29) 
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This defines the difference between Mo(fc) and UQo{k) from Eq. p.28|) by a factor 
of (27r)i: 

1 



woo(fc) = -—-3- uo{k) 



(6.30) 



Since there is only one bound-state for the deuteron, we have left away the index 
n — which also served as a distinction between uo{k) and uoo(fc)lfl The angular 
integrations can be done by expanding mint(|fci — feil) in terms of partial waves 
(for a detailed discussion see, e.g. Ref. jvIvdBBOO] ). The result is 



Mk) + ^ 

7TlN oTI' 



dfc'mint(fc,fc')uo(fc') ^ EBUo{k) , 



3.31) 



where 



TOint(fc,fc') 



-.9. In 



{k + k'Y + m 
(k - k' Y + m 



:in 



-3<^ln 



(fc + k'Y + m 



(fc- fc')2 +: 



In 



[k + k'Y + Aj 
Ck-~k'Y+Al 
{k + ~k'Y + Al 

{k - k'Y + Al 



.32) 



The integral equation (j6.3ip is solved for the wave function of the bound state 
with the numerical method of standard Gauss quadrature (for details see, e.g. 
Ref. [vIvdBBOO] ). The determination of the energy served as a check of our 
numerical calculations. Indeed, we found the same energy in momentum space 
and coordinate space. The momentum-space wave function uo{k) is shown in 
Fig. 16.61 On this scale, we cannot see the difference between the Malfliet-Tjon 
wave function and the one obtained with the present model. Looking at Fig. 16.21 
we see that in coordinate space the two models differ most below a few fm, so 
we may expect the momentum-space wave functions to be different at momenta 
around 200 MeV/c, which turns out to be true, as Fig. 16.71 shows. 

For small values of the momenta the momentum-space wave function is dom- 
inated by the asymptotic behaviour of the coordinate-space wave function, i.e. 
uoir) ^ exp(— ar) with = — iJeTON- The corresponding behaviour in mo- 
mentum space is uo{k) ^ ^jip? + k?). The latter is plotted in Fig 



Relativistic Kinetic Energy 

The simplest modification of the present model replaces the kinetic-energy oper- 
ator fe^/mN by the operator '2\Jk'^ + rn^ — 2m^. Then the bound-state equation 
Eq. (j6.31D becomes a mass eigenvalue equation (cf. Eq. p. lip ) 

d^fc' 



2^Jk'^ +m'^uo{k)- 



-m;^t{\ki-k[\)uQ{k') = {E'^' + 2m^)uo{k) . (6.33) 



It is well known that this replacement effectively weakens the kinetic energy and 
consequently lowers the energy of the bound state(s) if the potential remains 



^Note that we define ^oo{r) 
Yoo(fe)uo(fc). 



yoo('^)'"o('") and its Fourier transform as !i'oo{fc) 
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uo(/fc) (MeV-5) 
0.08 r 



0.06 



0.04 - 



0.02 



50 



100 



150 



200 



250 



300 



k (MeV/c) 



Figure 6.6: The wave function UQ^k) in momentum space for the present model 
including Pauli-Villars regularization. The wave function for the Malfiiet-Tjon 
dcuteron is indistinguishable on this scale. 
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Figure 6.7: The wave function uo{k) in momentum space for the present model 
including Pauli-Villars regularization and the wave function for the Malfliet- 
Tjon deuteron for large momenta. 



the same. This is indeed what we find. The eigenvalue of the Hamiltonian 
drops to E'^^ = —2.73414 MeV which gives a deuteron mass of mpo = jtid = 
1.87511 GeV. 
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Figure 6.8: The momentum-space wave function uo{k) for the present model 
including Pauli-Villars regularization and the pole part of this wave function for 
small momenta. 
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Figure 6.9: The momentum-space wave function ito(fc) for the present model 
including Pauli-Villars regularization and relativistic kinetic-energy operator. 
Also shown is the pole part. 



In Fig. 16.101 we show the momentum-space wave functions for the case where 
the non-relativistic kinetic-energy operator is used and the one where the rela- 
tivistic operator is used. 

The body form factor expression, Eq. (I6.24[) . is given in momentum space 

by 

^b(<7i) = ^ / d3fc«o(fc)"o(|fc + Qil) • (6.34) 
In Figs. l6.lT] and [0^ we show again the form factor for the Walecka-type model, 
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but now together with the one where the relativistic kinetic energy is used. The 
differences between the two are hardly noticeable. 



u{k) (MeV-i) 
0.08 r 
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- \ 
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- \\ 

\\ 
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0.04 - \ 



0.02 - 



- ' ' — ' — ' — L k (MeV/c) 
300 400 

Figure 6.10: The momentum-space wave functions uo{k) for the present 
model including Pauli-Villars rcgularization and relativistic and non-relativistic 
kinetic-energy operator. 




Figure 6.11: A comparison of the form factors obtained for the present model in- 
cluding Pauli-Villars rcgularization with the relativistic kinetic-energy operator 
and the non-relativistic one. 



uo(fc), relativistic 



uo(fc), non-relativistic 
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Figure 6.12: The same in semi- log representation. 



Chapter 7 

Numerical Results 



Having solved the bound-state problem for the harmonic-oscillator potential 
and the Walecka-type model in the previous chapter we are now ready to 
make a numerical analysis of the form factor expressions for pseudoscalar and 
vector bound-states. All computations of this chapter have been done using 
Mathematica® . 

7.1 Electromagnetic 7r-Meson Form Factor 

In the present work confinement between the quark and the antiquark of a 
charged pion tt* is modeled by the simple harmonic-oscillator potential intro- 
duced in Sec. 16.21 There are just 2 free parameters in this simple model, the os- 
cillator parameter a and the constituent-quark mass m ^. Usin g Eq. (|5.25p for the 
form factor a reasonable fit of the experimental data IH+08UB+78 , B+76. B+741 
lB+73l[A+86l can be achieved by choosing the parameter values a = 350 MeV 
and mq = 210 MeV, which are taken from Ref. jCCP88| . At this point we shall 
emphasize that our goal is not to end up with an optimal fit of the pion form 
factor, but we rather want to exhibit the virtues of our point-form approach and 
compare it to other attempts to develop microscopic models for hadron form 
factors. 

7.1.1 Numerical Study 

We start with a numerical study of the influence of cluster-separability violating 
effects on the pion current and on the pion form factors. To this end we take 
the simple harmonic-oscillator wave function, Eq. (j6.6p . to calculate the pion 
current, Eq. (j4.31|) F1 Using our standard kinematics of Eq. (jS.lip we find that 
the current J^{k[-,, kc) has actually 2 vanishing components as expected from 
the theoretical analysis of Sec. 15.2.11 J^(A;^,fcc) = Jii^'c^^c) = 0. There are, 
in general, 2 non- vanishing non-equal components, J^(A;^,fcc) and J^(A;g,fcc)i 
except in the Breit frame (fc = Q/2) and in the infinite- momentum frame (fc — >■ 
oo). In the Breit frame the third component is seen to vanish: J^(fcQ, fee) = 0. 

^We have chosen for the 2 parameters, mq = 340 MeV and a = 312 MeV. A justification 
for these values has already been given in Sec. 16.2.21 or can also be found in Ref. |Kra01l . 
Their precise value, however, is not important for this qualitative study. 



99 



100 



Numerical Results 



f{Q\k) 




0.4 



0.2 



Q2 = GeV^ 
Q2 = 0.2 GeV^ 
Q2 = 0.5 GeV^ 



k (GeV) 



Figure 7.1: Dependence of the physical pion form factor / of Eq. (|5.20l) on the 
pion center-of-niass momentum k for different values of the squared momentum 
transfer Q^. 



This confirms exactly our findings of Sec. 15. 2. Tl namely that it is not possible to 
separate the 2 form factors / and b in the Breit frame, which essentially means 
that one is left with just one form factor (a linear combination of / and h). 

Nevertheless, for k > Q/2 the 2 form factors / and h can be separated 
uniquely by means of Eq. (j5.6|) . They are then given by Eqs. (j5.20|) and (|5.2ip 
and plotted in Figs. 17. ll and 17.21 versus k for fixed . One observes that both, 
the physical form factor / and the spurious form factor b depend on k. The 
fc-dependence of / vanishes rather quickly with increasing k. At the same time 
the spurious form factor h is seen to vanish for large k. This means by taking 
the limit fc — > oo effects from the violation of cluster separability are removed. 
In this limit we also ended up with the simple analytic expression for the form 
factor F given in Eq. (j5.25p . This expression has been proved in Sec. 15.3.21 to 
be equivalent with the standard front-form expression for the pion form factor 
of Ref. |CCP88| obtained from a spectator current in the = frame. 

From Fig. 17.11 we also read off the correct charge of the pion, i.e. F(0) = 
limfe_j.oo /(O, fc) = 1 in units of the elementary charge e. This is only the case 
for the form factor one gets from the decomposition of the pion current given 
by Eq. (|5.3p . which justifies to call / the physical and 6 the unphysical form 
factors of the pion jCDKMQS] . In addition, we note that the fact that we 
end up with only one form factor is also confirmed by the observation that 
J°(A;^, fee) Jlik'c^kc) in the limit k ^ oo. 

In Figs. 17.3 1 and 17. 41 we show the Q^-dependence of the electromagnetic pion 
form factor F (Q^) as evaluated by means of Eq. (j5.25[) along with experimental 
data. Also shown is the role of the spin-rotation factor S. The quark spin 
obviously has a substantial effect on the electromagnetic form factor over nearly 
the whole momentum-transfer range and thus cannot be neglected |BSFK09] . 
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Figure 7.2: Dependence of the spurious pion form factor b of Eq. (j5.21[) on the 
pion center-of-mass momentum k for different values of the squared momentum 
transfer Q^. 
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Figure 7.3: Q^-dependence of the electromagnetic pion form factor squared 
(Q2) in the 1ow-Q2 

region, as evaluated by means of Eq. (j5.25[) with param- 
eters a = 350 MeV and rriq = 210 MeV with and without spin-rotation factor 



S |BSFK09j . Data arc taken from Rcf. |A+86j . 
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Figure 7.4: Q^-dependence of the electromagnetic pion form factor scaled by 
as evaluated by means of Eq. (j5.25p with the same parameters as in Fig. l7.3l with 
and without spin- rotation factor S |BSFK09] . Data are taken from Refs. [B+731 
lB+76l[B+7ilF^MlH+^)8] ■ 



7.1.2 Results and Comparisons 

We have already mentioned previously that the pion form-factor expression 
obtained in the point-form spectator model |WBK+01[[B+02[|MBC+"07) is not 
only determined by the pion wave function, but exhibits also an explicit de- 
pendence on the pion mass. Therefore, the spectrum of the mass operator is 
directly connected with the electromagnetic structure of its cigenstates. This 
makes it somewhat delicate to compare our form-factor results for the simple 
harmonic-oscillator confinement potential with corresponding point-form model 
predictions jBSFK09j . Whereas the wave function is solely determined by the 
oscillator parameter a (cf. Eq. ()6.6[) '). another free constant cq can be added 
to the confinement potential (cf. Eq. (j6.5[) ') to shift the eigenvalue spectrum. 
Unlike our results, which do not depend on cq, the point-form spectator model 
predictions exhibit a strong dependence on cq. The parameters a = 350 MeV 
and mq = 210 MeV as proposed in Ref. [CCP88| give a reasonable fit of our 
pion form factor with the data. Taking these parameters together with cg < 0, 
such that the harmonic-oscillator ground state were to coincide with the physi- 
cal mass of the pion of ttIt^ = 140 MeV, the fall-off of the point-form spectator 
model form factor would be unreasonably strong. With cg = 0, on the other 
hand, the pion ground-state mass would be larger than 1 GeV and the fall- 
off of the form factor would be much too slow [BSFK09] . We have therefore 
tried to take the set of parameters of a = 312 MeV, cq = —1.04 GeV^ and 
TOq = 340 MeV, which have been already discussed in Sec. 16.21 These are 
reasonable values for the purpose of a qualitative comparison between our ap- 
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Q^(GeV2) 

Figure 7.5: The electromagnetic pion form factor F {Q^) as evaluated by means 
of Eq. (|5.25p with parameters rriq = 340 MeV and a = 312 MeV in comparison 
with the outcome of the point-form spectator model with the same parameters 
and moo = 770 Me V |BSFK09| . Data arc taken from Refs. [A+861[B^IB+761 
lB+74l[l^lH+08) . 



proach and the point-form spectator model predictions. In Fig. 17. 51 we compare 
our result with the point-form spectator model prediction and experimental 
data. Both results become comparable at small momentum transfers. Above 
PS 1 GeV^, however, significant differences can be observed. These differ- 
ences resemble the situation for the electromagnetic nucleon form factors. In 
the latter case the stronger fall-off produced by the point-form spectator model 
is a welcome feature which brings the theoretical predictions from constituent 
quark models close to experiments |MBC"'"07] . For the usual front- form spec- 
tator current in the ~ frame agreement with experiment is achieved only 
by introducing electromagnetic form factors for the constituent quarks [SimOl] . 
It remains to be seen whether the situation for the electromagnetic pion form 
factor could also change in favor of the point-form spectator model if a more 
sophisticated quark-antiquark potential is employed which reproduces the mass 
of the pion and its lowest excitations sufficiently accurately [BSFK09] . 
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Figure 7.6: The electromagnetic p-meson form factor Fi (Q^) evaluated by 
means of Eq. (lOSll with F^Q^) + F^{Q^) = 1 and F^Q^) = FHQ^) = 
and parameters rriq = 340 McV, a = 312 MeV and cq — — 1.04GeV^ such that 
moo 770 McV. 



7.2 Electromagnetic p-Meson Form Factors 
7.2.1 Discussion and Predictions 

A charged meson in a constituent quark model is considered to be a quark- 
antiquark bound state with total spin j — I. As for the pion the confining 
interaction between the quarks is modeled by the simple harmonic-oscillator 
potential of Sec. 16.21 We have fixed the 3 parameters a — 312 MeV, co = 
— 1.04 GeV^ and niq = 340 MeV via the vector-meson spectrum, therefore the 
mass of the ground state moo = 770 MeV coincides already with the correct 
p- meson mass mp. 

The p-meson electromagnetic form factors are computed by simply plugging 
the ground-state harmonic-oscillator wave function uoo and the ground-state 
mass moo into the form factor expressions Eqs. (|5.48p . (|5.49p and (|5.50p with 
FliQ^) + Fl{Q'^) = 1 and i^jC?^) = F^{Q'^) = (since the quarks are con- 
sidered as point-like). The results are depicted in Figs. 17. 6117.81 By means of 
Eqs. (js:^ and (jSlM)) we obtain from Fi {Q"^), F2 (Q^) and Gm (Q^) the elec- 
tric charge and quadrupole form factors of the p meson, Gc (Q^) and Gq (Q^), 
respectively. They are plotted in Figs. 17.91 and 17.101 From Fig. 17.91 we read 
off the correct p+-meson charge Gc(0) = 1 in units of the fundamental charge 
I e I . This is ensured only by the decomposition of the p-mcson current given in 
Eq. (|5.7p . which justifies this particular way of separating the physical from the 
unphysical contributions. Our predictions for the magnetic dipole and the elec- 
tric quadrupole moment given by the g2 ^ limits of Gm (Q^) and Gq {Q'^), 
cf. Eqs. (|08)) and ((09)) . are pp = 2.2 and Qp = -0.47 (in units | e |/2mp and 
I ^ l/'^p); respectively. 

From the form factors Gc{Q^), Gm(Q^) and Gq{Q^) we obtain the elas- 
tic scattering observables A{Q^), B{Q^) and T2q{Q^) by means of Eqs. (|5.70p . 
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Figure 7.7: The electromagnetic p-meson form factor F2 (Q^) evaluated by 
means of Eq. iKim with FKQ^) + F^{Q^) = 1 and F^iQ"^) = FHQ^) = 
and with the same parameters as in Fig. 17.61 




Figure 7.8: The magnetic p-mcson form factor Gm (Q^) evaluated by means of 
Eq. mum with FliQ"^) + FliQ^) = 1 and F^{Q^) = i^KQ^) ^ Q and with the 
same parameters as in Fig. 17.61 



(|5.7ip and (|5.72p . respectively. The corresponding results are depicted in 

Figs, rmirmi and rmi 

It is also interesting to see how large the spurious contributions to the p- 
meson current are. In particular we shall concentrate on the violation of current 
conservation, the violation of the angular condition and the spurious form factor 
BeiQ^), cf. Sec. 15.3.31 The p-mcson current is not conserved due to a non- 
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Figure 7.9: The electric charge p-meson form factor Gc (Q^) calculated from 
Eq. (|5.65p with the same parameters as in Fig. 17.61 



vanishing current component JIq{Q'^). For our standard kinematics, Eq. (|5.11l) . 
its magnitude is depicted in Fig. 17.141 We also give our result for the violation of 
the angular condition, which is equal to the sum of the spurious form factors 
and i?7 (cf. Eq. (j5.63p ). The result is plotted in Fig. 17.151 Finally we calculate 
the spurious form factor Bq{Q^) from the difference of Gm and the expression 
Eq. (|5.64|) . It is shown in Fig. 17.161 As one observes, the spurious contributions 
can contribute significantly to the current matrix elements and their separation 
is crucial for the extraction of meaningful physical form factors. 

7.2.2 Comparisons 

In order to make reasonable comparisons with other approaches to p-meson 
form factors we look, in particular, at calculations that have also used the simple 
harmonic-oscillator potential of Sec. 16.21 the light- front approach of Ref . |CJ04j , 
the covariant extension of the light-front formalism of Ref. |Jau03j , the covariant 
light-front prescription of Ref. |CDKM9"8] (the results from this prescription 
using a Gaussian wave function can be found in Ref. [Jau03j ) and the standard 
light-front prescription of Ref. |CPUK88] (the results from this prescription can 
be found in Ref. [Jau03| ). In order to end up with qualitative comparable 
results we adopt the values for the 2 parameters mq and a of each approach 
and use them in our prescription. The predictions for the magnetic dipole 
moment fip and the electric quadrupole moment Qp are compared in Tab. 17.11 
It turns out that our results for /Zp and Qp show agreement with the results 
of Carbonell et al., Ref. |CDKM9"8] . This is just what we expected due to 
the similarities and correspondences in both approaches. Our value for Qp also 
coincides with the approach of Jaus, Ref. |Jau03| , however the values for pp differ 
significantly. Quite good agreement is found with Chung et al., Ref. |CPCK88] . 
In particular, their value for pp is about 0.0434 units of | e |/2TOp lower than ours 
which coincides exactly with the value of Be{Q) — -85(0) — -87(0). This difference 
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Figure 7.12: The elastic scattering observable B{Q'^) from Eq. (|5.7ip for the p 
meson calculated with the same parameters as in Fig. 17.61 
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Figure 7.13: The clastic scattering observable T'2o(Q'^) from Eq. 
p meson calculated with the same parameters as in Fig. 17.61 
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Figure 7.14: The violation of conservation of the p- meson current given by 
JIq{Q^) with our standard kinematics of momentum transfer in the 1-direction 
calculated calculated with the same parameters as in Fig. 17.61 (here depicted in 
units of the elementary charge | e |). 




between our value for the magnetic moment and theirs can be understood as 
the spurious term -Bq{Q'^) + [B^iQ"^) + Bj{Q'^))/{l + 77)) which is added to 
the magnetic form factor when using the standard light-front prescription of 
Ref. |CPCK88| (cf. Ref. |CDKM98j 1. 

In Tab. 17.21 we also give our predictions for /ip and Qp in comparison with 
predictions of other approaches which use different model wave functions. Our 
predicted fip and Qp have quite reasonable values which are lying between those 
of other approaches. In Tab. 17.31 we compare our approach with the work by 
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Figure 7.16: The spurious form factor Bq{Q^) of the p-meson calculated with 
the same parameters as in Fig. 17.61 



Ref. 


TOq (MeV) 


a (MeV) 




Qp 


this work 


340 


312 


2.20 


-0.47 


Choi et al. |CJ04| 


220 


365.9 


1.92 


-0.43 


this work 


220 


365.9 


2.33 


-0.33 


Jaus jJau03| 


250 


280 


1.83 


-0.33 


this work 


250 


280 


2.25 


-0.33 


CarboncU ct al. jCDKM98! 


250 


262 


2.23 


-0.005 


this work 


250 


262 


2.231 


-0.0058 


ChuM et al. |(]P(]K88j 


250 


316 


2.23 


-0.19 


this work 


250 


316 


2.27344 


-0.253915 



Table 7.1: Comparison of the magnetic dipole moment /.jp (in units |e|/2mp) 
and the electric quadrupole moment Qp (in units | e in different approaches 

with a harmonic oscillator confining potential. 



Ref. 



^J■p 



this work 

Bagdasaryan et al. |BETI85] 
Samsonov [Sam03| 

Ahev et al. [XS(l4] 

Cardarelh et al |CGN+95 
Bhagwat et al. jBM08] 
Hawes et al. |HP99| 
De Melo et al. |dMF97j 



2.20 
2.30 
2.00±0.3 
2.30 
2.23 
2.01 
2.69 
2.14 



-0.47 
-0.45 



-0.61 
-0.41 
-0.84 
-0.79 



Table 7.2: Predictions of the magnetic dipole moment /Zp (in units | c |/2mp) and 
the electric quadrupole moment Qp (in units |e|/mp) in different approaches. 
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|(].T04j 


this work 




Gc 


0.38 


0.29 


0^ = 1 


Gm 


0.93 


0.93 




Gq 


-0.23 


-0.21 




Gc 


0.18 


0.12 


Q2 = 2 


Gm 


0.59 


0.58 




Gq 


-0.15 


-0.14 




Gc 


0.08 


0.05 


0^ = 3 


Gm 


0.41 


0.41 




Gq 


-0.10 


-0.10 



Table 7.3: Comparison of the form factors of our approach with the work by 
Choi et aL, Ref. |CJ04| for some fixed values of Q^. In both approaches the same 
harmonic-oscillator potential has been used with the parameters mq = 220 MeV 
and a = 365.9 MeV. 



Q2(GeV") 




this work 


|BM08j 


|HP99] 


|AS04] 


(B()04] 




Gc 


0.29 


0.22 


0.17 


0.25 


0.10 


g2 = i 


Gm 


0.85 


0.57 


0.85 


0.58 


0.46 




Gq 


-0.21 


-0.11 


-0.51 


-0.49 


-0.16 




Gc 


0.11 


0.08 


0.04 


0.13 


0.16 


Q2=2 


Gm 


0.47 


0.27 


0.45 


0.28 


0.27 




Gq 


-0.12 


-0.05 


-0.32 


-0.24 


-0.11 




Gc 


0.05 




0.11 


0.08 


-0.03 


Q2=3 


Gm 


0.30 




0.25 


0.17 


0.18 




Gq 


-0.07 




-0.23 


-0.15 


-0.10 



Table 7.4: Comparison of the p-meson form factors in various approaches. 



Choi et al., Ref. jCJ04| using the harmonic-oscillator potential with the same 
parameters as therein. Here it turns out that best agreement is achieved for the 
magnetic form factor Gm. 

In Tab. 17.41 we compare our prediction for the p-meson form factors with 
those of other approaches which use different model wave functions. First we 
observe that our electric charge form factor Gc lies for small values of above 
the predictions of other approaches. For higher our values for Gc lie some- 
where between the values of the other approaches. Second, our magnetic form 
factor Gm lies above the values of other approaches in the whole range of Q^. 
Third, our prediction for the electric quadrupole form factor Gq lies between 
the ones of other approaches. 

To conclude, in view of the simplicity of our harmonic-oscillator confining 
potential these are altogether quite reasonable results for our electromagnetic 
p-meson form factor. 
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Figure 7.17: The deuteron form factor Fi evaluated within the Walecka-type 
model together with 2 different parametrizations for the nucleon form factors 
taken from Refs. |GK92| and |MMD96| and for point-like nucleons. 



7.3 Electromagnetic Deuteron Form Factors 

In the present work we model the nucleon-nuclcon interaction by the Pauli- 
Villars regularized Walecka-type potential which we have proposed in Sec. 16.31 
For simplicity we have restricted ourselves to the static limits for the meson- 
exchange potential. However, we have refined our bound-state problem by re- 
placing the non-relativistic by the relativistic kinetic-energy operator. To get 
numerical results for the deuteron form factors we plug the solution uqo and 
the mass eigenvalue toqo = "t-d of the Walecka-model mass eigenvalue equa- 
tion (|6.33p into the expressions for the spin-1 form factors Eqs. (j5.48p . (|5.49p 
and (|5.50p . In the present work we do not derive expressions for the nu- 
cleon form factors i^f (Q^), F^{Q'^), F^{Q'^) and F^{Q'^) but we rather use 
the 2 parametrizations for the nucleon form factors proposed in Refs. |GK92| 
and [MMD96] . For comparison, we also consider point-like nucleons, i.e. 
FfiQ^) = 1 and F^{Q^) = F^{Q^) = F^{Q^) = 0. The electromagnetic 
deuteron form factors Fi (Q^), F2 {Q^) and Gm (Q^) are then evaluated with 
these 3 parametrizations. They are depicted in Figs. 17.171 17. 181 and l7.19[ respec- 
tively. With the help of Eqs. tjbM^ and ([EM)) we obtain from Fi {Q^) , F2 (Q^) 
and Gm (Q^) the electric charge and quadrupole form factors of the deuteron, 
GciQ"^) and Gq{Q^), respectively. The correct charge Gc(0) = — Fi(0) = 1 can 
be read off from Fig. 17.171 which is, in general, guaranteed only by the particular 
decomposition of the deuteron current given by Eq. (|5.7p . Our predictions for 
the magnetic dipole moment /io and the electric quadrupole moment Qd defined 
by the — )• limits of Gm {Q^) and Gq (Q^) are summarized in Tab. 17.51 

Due to the simplicity of our Walecka-type model we do not expect to get 
form factor results that are close to experimental data. Therefore we do not 
compare our results with data, which is anyway not the purpose of this work. 
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Figure 7.18: The deuteron form factor F2 evaluated within the Walecka-type 
model together with 2 different paramctrizations for the nucleon form factors 
taken from Refs. IGK92I and MMD96^ and for point-hke nucleons. 
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Figure 7.19: The magnetic dipole form factor Gm of the deuteron evaluated 
within the Walecka-type model together with 2 different parametrizations for 
the nucleon form factors taken from Refs. [GK92j and jMMD96] and for point- 
like nucleons. 
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nucleoli form factor parametrizatioiis 


Md 


Qd 


Gari et al., Rcf. [GK92; 


1.76354 


-0.013501 


Mergell et al., Ref. MMD96 


1.76585 


-0.013519 


point-like nucleons 


2.00472 


-0.018137 



Table 7.5: The magnetic dipole moment /iD (in units | e |/2mD) and the electric 
quadrupole moment Qd (in units | e l/m'^) for the deuteron evaluated with the 
Walecka-type wave function and 2 different parametrizations for the nucleon 
form factors taken from Refs. jGK92| and jMMD96j and for point-like nucleons. 
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Figure 7.20: The elastic scattering observable A{Q^) of the deuteron evaluated 
within the Walecka-type model together with 2 different parametrizations for 
the nucleon form factors taken from Refs. |GK92| and |MMD96] and for point- 
like nucleons. 



We should mention, however, that we find a quite reasonable value for the 
magnetic dipole moment fiD. The value for point-like nucleons, e.g. comes close 
to the value ^-d = 2 for point-like spin-1 particles. Our results for the electric 
quadrupole moment Qd aic quite small as a consequence of the absence of a 
d-wave contribution. In the absence of a d-wave contribution the non- vanishing 
of Qd is a pure rclativistic effect. 

From the form factors Gc, Gm and Gq we obtain the elastic scattering 
observables A{Q'^), B{Q^) and T2o{Q^) by means of Eqs. ffblU^ . ([E7T|) and 
(|5.72p . respectively. We compare the results for different parametrizations of 
the nucleon form factors in Figs. 17.2(71 17.211 and 17.221 

Finally, it is quite interesting to look at the spurious contributions to the 
deuteron current causing violation of continuity, violation of the angular condi- 
tion and the spurious form factor Bq{Q^). To this end we use the parametriza- 
tion for the nucleon form factors of Ref. jMMD96] and compare it to the point- 
like nucleon case. The continuity-violating matrix element of the current is 
JIq{Q^) (with our standard kinematics). It is depicted in Fig. 17.231 In Fig. 17.241 
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Figure 7.21: The elastic scattering observable B{Q'^) of the deuteron evaluated 
within the Walecka-type model together with 2 different parametrizations for 
the nucleon form factors taken from Refs. [GK92| and |MMD96] and for point- 
like nucleons. 




Figure 7.22: The elastic scattering observable T2o(Q^) of the deuteron evaluated 
within the Walecka-type model together with 2 different parametrizations for 
the nucleon form factors taken from Refs. [GK92j and |MMD96] and for point- 
like nucleons. 
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Figure 7.23: The violation of current conservation given by JIq{Q^) with our 
standard kinematics of momentum transfer in the 1-direction calculated within 
the Walecka-type model together with the nucleon form factor parametrization 
of Ref. jMMD96] and for point-like nucleons (here depicted in units of the ele- 
mentary charge e) . 



we show the violation of the angular condition which is equal to the sum of 
the spurious form factors B^{Q'^) -\- Bj{Q^). The spurious form factor Bq{Q^), 
which is contained in the magnetic form factor extracted from the plus compo- 
nent of the current in the standard light- front prescription jCPCK88llCDKM98j , 
is plotted in Fig. 17.251 What wc observe is that the relative importance of spu- 
rious contributions diminishes if one goes from the strongly bound qq system to 
the weakly bound two-nucleon system. The influence of spurious contributions 
is further reduced by the nucleon form factors. 

We should stress once more that the purpose of the above computation 
of the deuteron form factors within the simple Walecka-type model is not to 
find best agreement with experimental data. The calculation is rather part of 
the benchmark about relativistic effects in few-body physics, where different 
approaches to deuteron form factors are compared on equal grounds starting 
with the same fully covariant Walecka-model Lagrangean. Therefore, in order 
to make concise statements about our deuteron form factor results the findings 
of the other approaches participating in the benchmark are required. 
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Figure 7.24: The violation of the angular condition for the p meson given by 
the sum of the spurious form factors B^^Q^) and Bt{Q^). Here it is calcu- 
lated within the Walecka-type model together with the nucleon form factor 
parametrization of Ref. jMMD96] and for point-like nucleons. 




Figure 7.25: The spurious form factor Bq{Q^) of the deuteron calculated within 
the Walecka-type model together with the nucleon form factor parametrization 
of Ref. |MMD96| and for point-like nucleons. 
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8.1 Summary 

Of the various forms of relativistic dynamics given by Dirac, the point form 
is the least utilized, although it has several advantageous properties. The key 
benefit of the point form is the property that the Lorentz group is its kine- 
matic group implying that only the Abelian group of space-time translations 
is affected by interactions. This natural way of separating the kinematic from 
the dynamic Poincare generators allows for a manifest Lorentz covariant formu- 
lation of dynamical equations and makes for a simple behavior under Lorentz 
transformations. 

In the present work we exploit the virtues of point-form relativistic quantum 
mechanics to analyze the electromagnetic properties of relativistic two-body sys- 
tems. To this end we treat the elastic electromagnetic scattering of an electron 
by a bound-state as a two-channel problem for a Bakamjian- Thomas type mass 
operator. The 2 channels are coupled by appropriately defined electromag- 
netic vertex operators, which are constructed from quantum field theoretical 
Lagrangean densities. These vertex interactions describe the emission and ab- 
sorption of a photon by the electron or the constituents of the bound state and 
they have the Lorentz structure of a field theoretical vertex. In this way the 
dynamics of the exchanged photon is taken explicitly into account. These ver- 
tices are, however, non-local due to the conservation of the overall four- velocity 
of the electron-bound-state (-photon) system that is inherent to the point- form 
Bakamjian-Thomas framework. Four-velocity conservation at the vertex is a 
necessary approximation in order to be able to formulate electron-bound-state 
scattering as a simple eigenvalue problem for a Bakamjian-Thomas type mass 
operator. 

In this work we consider, for simplicity, only instantaneous interactions be- 
tween the constituents forming the bound state. Instantaneous interactions 
can be used within the Bakamjian-Thomas framework without losing Poincare 
invariance. Therefore, our approach preserves Poincare invariance by construc- 
tion. What we violate, however, within a Bakamjian-Thomas construction for 
more than 2 particles is macroscopic locality (i.e. cluster separability). 

By a Feshbach reduction the eigenvalue problem for the coupled-channel 
mass operator can be brought into the form of a non-linear eigenvalue prob- 
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Icm which defines the one-photon-exchange optical potential. As expected, 
the optical potential is a contraction of the (point-like) electron current with 
a bound-state current times the covariant photon propagator. The resulting 
bound-state current, which is expressed in terms of bound-state wave func- 
tions and constituent currents, is Hermitean and transforms covariant ly under 
Lorentz transformations. Its Lorentz structure is, however, not fully determined 
by the incoming and outgoing bound-state momenta and spins. It turns out 
that additional, unphysical Lorentz covariant terms are needed to parametrize 
the current. These spurious contributions depend on the momentum of the 
electron and are the consequence of the violation of cluster separability in the 
Bakamjian-Thomas framework. Furthermore, both the physical and the spuri- 
ous form factors (associated with the spurious contributions) depend not only 
on Mandelstam t, i.e. the four-momentum transfer squared, but also exhibit an 
additional dependence on Mandelstam s, i.e. the total invariant mass squared 
of the electron-bound-state system. These are the only independent Lorentz 
invariants that can be constructed from the incoming and outgoing bound-state 
and electron momenta. 

In the present work we consider, in particular, spin-0 bound systems like 
the pion, and spin-1 bound systems like the p meson and the deuteron. The 
current we obtain for the case of a spin-0 bound state is conserved. It can be 
parametrized by 2 form factors, a physical and a spurious form factor. The 
structure of our current reveals an interesting correspondence between our ap- 
proach and the covariant light- front approach |KS94i[UDKM98| . Their current 
also contains a spurious contribution which is, in their case, associated with an 
arbitrary light-like four-vector w that describes the orientation of the light front. 
The dependence on this light-front orientation is a consequence of retaining ex- 
plicit Lorentz covariance in the light-front approach. 

We observe that the s-dependence of our physical form factor vanishes rather 
quickly with increasing s, which suggests taking the limit s — )■ oo to obtain a 
sensible physical form factor that depends only on Mandelstam t. At the same 
time the spurious form factor is seen to vanish, implying that taking the limit 
s — >■ cx) removes all clustcr-separability-violating effects. The current in the 
limit is a one-body current. The limit of letting the bound-state momentum 
go to infinity can be understood as considering only the subprocess where the 
photon is absorbed or emitted by the bound state in the infinite-momentum 
frame of the bound state. Therefore, it is not too surprising that in this limit 
we have been able to prove that our analytical formula for the form factor 
coincides with the standard front-form expression that is extracted from the 
plus component of a spectator current in the q"*" = frame |CCP88| . With 
regard to the similarities of our approach and the covariant light-front approach 
this is quite obvious: in the standard-light front dynamics, with the fixed light 
front vector uj = (1,0, 0,-1), the plus component of the current does not contain 
any spurious contributions (since uj^ ~ 0). 

As in the scalar case, the Lorentz structure of our spin-1 bound-state cur- 
rent (which contains 3 physical and 8 spurious contributions) resembles the 
corresponding current of the covariant light-front dynamics if the sum of the in- 
coming and outgoing electron momenta is identified with the light-front vector 
Lu. However, unlike the spin-0 case, by taking the limit s — > oo, only 4 spurious 
contributions proportional to uj are removed. The remaining 4 contributions are 
responsible for the violation of current conservation and for the violation of the 
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angular condition. This again resembles the situation of covariant light-front 
dynamics after fixing lo to the standard value uj = (1,0,0,-1). The plus com- 
ponent of the spin-1 spectator current (from which the form factors are usually 
extracted) then still contains 4 spurious contributions leading to the violation 
of the angular condition. There is, however, an unambiguous prescription pro- 
posed by Karmanov and Smirnov |KS94) for how to separate the physical from 
the unphysical contributions, which can be directly applied to our case. 

For mesons, we model the confining interaction between the quark and the 
antiquark by a simple harmonic-oscillator potential. Our numerical results for 
the yO-meson magnetic dipole moment and electric quadrupole moment are, as 
expected, in agreement with the results obtained from the covariant light-front 
prescription (using the same model). The results for the magnetic dipole mo- 
ment obtained from the standard front-form prescription (using the same model) 
differ from our results exactly by the value of the spurious contribution that is 
contained in the magnetic form factor obtained from the standard, non-covariant 
light-front prescription. 

For the deuteron we propose a simple Walecka-type model based on a La- 
grangean density for a field theoretical description of nucleons that interact via 
scalar a- and vector w-exchange. This model is intended to serve as a common 
starting point for a benchmark calculation on 'relativistic effects in few-body 
physics'. The aim is to identify and compare such effects in different relativis- 
tic approaches to few-body systems by means of the deuteron structure. We 
have fixed the free parameters of the model such that the experimental val- 
ues for the binding energy of the deuteron and the triplet scattering length are 
reasonably well reproduced in the non-relativistic limit. In order to go beyond 
the non-relativistic limit we have included Pauli-Villars regulators. The simplest 
quantity we can derive is the so-called body form factor, which is just the Fourier 
transform of the charge distribution. All calculations within this thesis use the 
static approximation to this Walecka-type one-boson exchange nucleon-nucleon 
interaction. As a consequence the deuteron is a pure s-wave. Nevertheless it is 
possible to study several relativistic effects. The first is the change of the body 
form factor that occurs if the non-relativistic kinetic energy is replaced by the 
corresponding relativistic expression. This affects the wave function and in the 
sequel the body form factor. As a next step we have plugged this "relativized" 
deuteron wave function into our point-form expression for the deuteron current 
and the form factors. Here Wigner rotations and further relativistic kinemati- 
cal factors come into play. Due to the covariance of the deuteron current not 
only one, but 3 form factors are found. The body form factor then corresponds 
to the electric monopole form factor Gc- Wc observe that cluster-separability 
violating effects are less important in the weakly bound deuteron than in the 
strongly bound p meson. 

To summarize, we have presented a relativistic formalism which makes it pos- 
sible to derive the electromagnetic currents and form factors of bound few-body 
systems consistent with the binding forces. One advantage of this approach is 
that the bound-state current is uniquely determined by the interaction dynam- 
ics which is responsible for the binding. Furthermore, the current can directly 
be extracted from the one-photon-exchange optical potential. However, in us- 
ing a Bakamjian-Thomas approach, problems involving cluster separability arise 
which manifest themselves by unphysical contributions to the current. Never- 
theless, we have found an unambiguous procedure for how to separate them 
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from the physical contributions to get meaningful results for the form factors. 

8.2 Outlook 

Our coupled-channel formalism for calculating form factors is quite general and 
can be applied immediately to other few-body systems. In Refs. |GRS10IGRS11| 
for example, the present formalism has been applied to calculate electromagnetic 
and weak form factors of heavy-light systems. Therein, a simple analytical 
expression for the Isgur-Wise function |IW89IIIW90j has been found in the heavy- 
quark limit. 

The above formalism can also be generalized in different directions. A next 
step to full relativity would be to account for dynamical particle-exchange in- 
teractions by adding additional channels. In particular, for the Walecka-type 
model one could make the a- and w-exchange dynamical. This would add meson- 
exchange contributions to the spectator current that results from instantaneous 
binding forces. Corresponding extensions of the point-form approach are un- 
der investigation. In general, the construction of such many-body currents is 
a highly nontrivial task |GR87| . It remains to be seen how large the effects of 
such additional exchange-current contributions on the form factors are. Further- 
more, due to the generality of our approach, applications to bound systems with 
half-integer spins such as baryons or other nuclei seem to be straightforward. 

Altogether, the approach of this thesis offers the possibility to be further 
refined and generalized and to be applied to various problems of relativistic 
few-body physics. 



Appendix A 

Minkowski Space 



A.l Conventions and Basic Relations 

We define a contravariant four- vector by 

:= = (a;°,a;). (A.l) 

The corresponding covariant vector is defined by 

Xf_t := (a;o,a;i,a;2,a;3) = (a;°, -x) = g^^x" (A. 2) 

with the metric tensor 

diag(g^,) = (1,-1,-1,-1). (A.3) 

Throughout the present thesis we use Einstein's sum convention meaning that 
a sum over repeated indices is always assumed. Greek indices hke i^, r, . . . on 
four- vectors {x'^} = x vary from to 3 and Roman indices hke i,j,k, ... on 
three-vectors {x^} = x vary from 1 to 3. 

The invariant scalar product between 2 four- vectors and is defined by 

x-y:= x^gf.^y" ^ x"y" -xy. (A.4) 

This scalar product is invariant under the Lorentz transformation 

A x'^' = A^'X (A.5) 
if the matrices A^^^, satisfy a generalized orthogonality relation 

A^^,A\g^^ = g^\ (A.6) 
This relation can be rewritten as 

A^^,A: =gi^^ Si^ (A.7) 

which implies that 

A: = iA~'r,. (A.8) 



123 



124 



Minkowski Space 



A. 2 Matrix Representation of the 
Poincare Group 

In order to find a matrix representation for the inhomogeneous part of the 
Poincare group, we go over to homogeneous coordinates defined by the five- 
component vectors jSchOl] 

C^:=(CV,eV,eV,CV,0 . (A.9) 

Then a Poincare group element is given by the (5 x 5)-matrix 

n{A,a):^ gVi; " j (A.IO) 

and a Poincare transformation can be written in the homogeneous form 

^"' = 77'^^^ with ?7,6i = 0,...,4. (A.ll) 
Consequently, a Lorentz transformation and a space-time translation are given 

by 

n {A,0) -.^ ( ^T^l ''^ j and r(a) :=iT(l4x4,a) , (A.12) 

respectively. Writing T (a) in exponential form as T (a) = exp(— ia^P^) the 
generators for infinitesimal space-time translations, being (5 x 5)-matrices, 
are defined by 



(A.13) 

a''=0 
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Spinors and 
Polarization Vectors 



B.l Spin-1/2 Dirac Particles 
B.1.1 Dirac Representation 

We use the standard (Dirac) representation of the Dirac matrices given by 



and 



Here 



and 



1 _ / 1 \ _ 2 / 



- - - ( J -1 ) (^•3) 

are the usual PauU matrices. A useful relation for the Pauli matrices is 

{a- ■ a) {a- ■ b) ^ l2 a ■ b + ia- ■ {a X b) . (B.4) 

Using this standard representation a canonical boost in the 4x4 matrix repre- 
sentation of the SL(2, C), Eq. (|2.25p . has the form 



The Dirac spinors for an (anti)particlc at rest are given by 



Smv)]^d^——l with v:=^. (B.5) 



m,(0):=V2to( j and w,(0) := - V2^ ( j, = ±^ ■ 



(B.6) 



125 



126 



Spinors and Polarization Vectors 



where "^cr is the two-component Pauh spinor 

1 _^ 

a 



2 



Tcr = ( f ' ) and £ = iCT2- (B.7) 



Here cr denotes the canonical spin projection on the 3-axis. The Pauh spinors 
arc normahzcd according to <;^/W = S^'a-. The spinors for an (anti)particle with 
momentum p = mv are given by 



<x(p)a - Sc^p [B^ (v)] uAO)p = Vp" + m. ( ) , (B 



13 

(B.9) 



with a, P = 1, ... ,4. We use the Greek letters a and /3 to denote Dirac indices. 
For equal particle and antiparticle masses the spinors Ua (p) and Va- (p) are 
related by jBD64[|Nac86] 

V, (p) = CuJ (p) and (p) = CvJ (p) , (B.IO) 

where C 17^7" = — C^^ = — = — C""" is the charge conjugation operator. 
With Cj^'^C^^ — —j^ it follows immediately that 

Va (p) I'^v,' (p') = [S.' (p') 7^". ip)f - w,' (P') t''^. (p) (B.ll) 
since fZ^' (p') 7^W(j (p) is a scalar quantity. 

B.1.2 Covariance Properties 

Under a Lorentz transformation A the spinor Uu{p) and its adjoint Ua{p) trans- 
form according to |KP91| 

uAp) a u^p) = {R^liv, A)) SiA)u,ip) , 
u^ip) A S^(Ap) - fZ,(p)5-iU)D|; {R^^v^A)) , 

(B.12) 

with (T, (T = ±i. Here we have used 

5^(^1)7" =7" (i). (B.13) 

The aim of this section is to find the transformation properties of the current 
of an extended massive spin- 1/2 particle such as a nucleon. Such a current is 
given by 



J''ip\a';p,a) 
= \e\ua'ip') 



2m 



Ua{p) 

(B.14) 
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where a'^'^ = ^{'j'^j'^ — j'^^^'') and e is the elementary charge. In our notation the 
anomalous magnetic moment k of the spin-1/2 constituent (in units of the Bohr 
magneton) is absorbed into F2 such that ^2(0) = k. For point-like particles, 
such as quarks (electrons), the current simplifies by setting the Dirac form 
factor Fi{{p — p')^) = Qq(e) and the Pauli form factor F2{{p — p'Y) = 0, where 
(5q(e) is the electric charge of the corresponding quark (electron). For the first 
term in Eq. (jB.14p wc find, using the transformation properties of the spinors, 
Eq. (|B.12p . together with 

S-\A)rS{A)^A>^,Y , (B.15) 

the following transformation properties under a Lorentz transformation: 

Ua'{p')Yua{p) Uif,{Ap')-f^'us{Ap) 

= A^,u.,{p')^''u,{p)DI:,,{R^\{v\A))dI,{R^]{v,A)) . (B.16) 

For the cr^'^-part we use the transformation properties of the Dirac matrices 
S~'^{A)-ff'-i''S{A) ^ Af^pYA^^i" to find 

u„,{p')a^''u„{p) A u^,{Ap')o^''u-Mp) 

= A^^^A\u,,{p')aP^u,{p)Di:,, {R^liv',A)) D^, {R^liv,A)) . 

(B.17) 

The whole term proportional to a'^'^ transforms in the same way as the 7'^-part: 

Us'{Ap ) — Ug[Ap) 



A'^^A^^uAp') ^' ''^'^S"' uAp) 



__,^^{{A-^)\{p' ^p)xoP\ 
2m 

= A^pU„,{p)) ^— u„{p) 

where we have used (by rewriting Eq. (|A.6P ') 

A^A:^ A:^iA-'r^. (B.19) 

With these findings we are finally able to write down the transformation prop- 
erties of a spin-1/2 current under Lorentz transformations: 

J^(p',a';p,a) A J^{Ap\a';Ap,<j) 

= A^,r{p',a';p,a)Dl;,, {R^I{v\ A)) {R^liv,A)) . 

(B.20) 

B.1.3 Hermiticity 

With the help of the relations 

^o^Mt^o ^ and 70(7^''^ 7" ^ ct^" (B.21) 
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Hermiticity of the spin- 1/2 current (jB.14p is easily proved. To this end wc look 
at the Hermitean conjugate of the current matrix: 



[J'^(p',a';p,a)]^ 



iT 



I e I uUp) [fi ((p - - F.iip p'f)'^Lz^^ 



7°".'(P') 



= J^*{p',a';p,a), (B.22) 



where we have used in the last step J^^* {p' ,a' ]p,a) — [J^^* {p' ,a' ]p,a)]^ since 
it is a scalar quantity. 



B.2 Massless Spin-1 Particles 

Appropriately orthonormalized photon polarization vectors e^(p), which are 
most convenient for our purpose are given by the components of the helicity 
boost matrix e^(p) _Bh(p)^ }Kli03b| . They satisfy the usual completeness 
relation 

E<(P)(-g'')^r(p) = -g^'^- (B.23) 

These photon polarization vectors transform under a Lorentz transformation 
according to 

A eliAp) = R^\{p, A) ,-,A^^el{p) . (B.24) 

B.3 Massive Spin-1 Particles 
B.3.1 Polarization Vectors 

The polarization vectors e^(0) of a spin-1 particle at rest with <t = ±1,0 are 
usually defined by lAHOSilScaOT] 

£^(0) := --^(0,l,i,Or, (B.25) 

e-i(O) := -^(0,l,-i,Or, (B.26) 
e-^iO) (0,0,0,1)^ (B.27) 

The boosted polarization vectors are obtained from the rcst-framc vectors by a 
canonical boost with velocity v :— p/m: 

e>^M=B.{v)^el{0). (B.28) 

The transversality property then reads 

e,(p)-p = 0. (B.29) 
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The transformation properties of the polarization vectors under Lorentz trans- 
formations are given by 

e^,{p) A eUP) = Dl, {R^liv, A)) A^y,{p) , (B.30) 
with (T, CT = ±1, 0. 

Polarization vectors of spin-1 particles which are described by velocity states 
\V] . . .]kj, \ . . .) transform under a Lorentz transformation with a Wigner 
rotation according to 

^ 4,{RwAV,A)k,) = Dl^-^^ {R^\{V,A)) R^SV,AY,el^{k,) . 

(B.31) 

The relation between (-''^.{Pj = Bc{V)kj) and e^^. (fcj) is then given by 

^U^,)Dl^a, {R^l{w„B,{V))) = B-Hvne':,^{p,) (B.32) 
with Wj := kj/ruj. 

B.3.2 Clebsch-Gordan CoefRcients 

The Clebsch-Gordan coefficient cY^J i~ of Eq. p.33p can be written in terms 
of the polarization vectors as |BG79j 

^^i'^4.. = ('-.^;i,(0)^) (B.33) 



2AII 2^2 

with 

a^e^^^iO)^cT-e^^{0). (B.34) 
Explicitly, they are given in matrix form by 

CV~ 1- = Sir, 6ir, ^ ( ] , (B.35) 

C\z\^ = (5 1- (5 i„ = ( " " 1 , (B.36) 



'^/ii5A2 - 72 
Since the Clebsch-Gordan coefficients are real we can write 



l-niJ-2 











), 











1 


( 







1 



C'l^...-^^l'Sl..=-fe:^'(0)^) • (B.38) 



\ V ^ / ^'^^^ 

Moreover, due to the symmetry of the Clebsch-Gordan coefficients under fl'i o 
fl'2 exchange and the hermiticity of the Pauli matrices we obtain 

2^12 ^2 2^12 ^2 



^2^1 



/icr2 



(B.39) 
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Since the contraction cr^eJJ^ (0) is Lorcntz invariant we can write 

= e;:^(fec)g^.Bc(t«c)';g''VA 

= (fcc)i?c(-t«c)VA, wc:=—, (B.40) 
were we have used Eq. (|B.19p . 
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SLf2,a and SUf2^ 



C.l Canonical Boosts in the SL(2,C) 

In Eq. (j2.19p a Hcrmitcan SL(2, C)-matrix representation of canonical boosts is 
introduced by 



V 2 ^2 (vO + l) 

One can prove by direct calculation that 

(v) (v) = a°v° + ay = cr%° + a ■ v = a^v^' . (C.2) 
This can be equivalently written as 

{v)B^ {v) = (v) a^il, orB^ (v) = aM^rA^Oy ■ (C.3) 
Generalizing to arbitrary vectors w gives 

B, (v) (J^w^'B, {v) = aM^Y.w" ■ (C.4) 

C.2 Useful Relations of Wigner D-Functions 

The Wigner D-functions defined by Eq. (j2.54p satisfy the following useful rela- 
tions: 

DZ,iR) = Di\jR) = Di,^iR-'); (C.5) 

E^^."(^)^i".'(^') = Di^'iRR'); (C.6) 

Di,,{l2) = 5,.'-, (C.7) 

DiAR) = {-W'-^D^-.-AR)- (C.8) 

131 



132 



Useful Relations in the SL(2, C) and SU(2) 



For the spin-1/2 case we need the relation 



a2D^-*{R) 0-2 



) 



\ 2 2 2 2 

I Dl,{R) Dl^,{R) \ 




(C.9) 



where we have used Eq. (|C.8I) . 



C.3 Transformation Properties of the 
Clebsch-Gordan Coefficients 

In order to find the transformation properties of the Clebsch Gordan cocfii- 
cients under Lorentz transformations (for I = bound states) we look at the 
transformed wave function of Eq. p.32|) : 



= [Ew. iV^ A)] D^^, [Ew. (V, A)] Dj*^^ [Ew. [V, A)] 

= C^ln^^^no(k')Dj*,^\R^^(V,A)\ 



))] 



(C.IO) 



Here we have inserted Eq. p.isp for the wave function If", 



(fc')- On the 



other hand, from Eq. p.lSp . we have 
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Here, we can further simplify the argument of the Wigner _D-functions contain- 
ing the transformed spins (using the short-hand notation Rw^ := i?vVc (^7 ^))- 

(^WcW'l,-Bc(-RweWi2)) 

= s;r\Sc (i?w<3 w[2)Rw^w[ ) {Rw, ^'12 ) {Rw, w[ ) 

= Ew^ (li'i, Be(Hw.^2)-RwJ iw[) R^^ 

X 1 (Hw. ) ^ (fiw. W''l2 ) ^ (-RW. W[ ) 

= Rw^ {w[,R^B,{w[^))BZ\w[) R^^ [R^^ w[ ) 

= (ilw. ) ^w. {w[,) B^ {w[ ) 1 {w[ ) R^^ 

= Ew^ b-\b,{w[,)w[)r;^1 R^^ B,{w[,) B,{w[)R^l 

= Rw^ 5,-1 {B,{w[,)w[)Bjw[^) Mw[)R^l 

- Sw.Sw,K,ScW2))Sw'- (C.12) 

Here we have made use of the property of canonical Wigner rotations, Eq. (|2.44p . 
A similar calculation applies to constituent 2. Consequently, we can split the 
Wigner D-functions in Eq. ()C.lip into 3 D-functions: 

D^^f,^ [Ew. iRwAV,A)w[,B,{RwAV,A)w[2))] 

= D^,^, [R^^ {V, A)]D^,^^ [R^^ {w[ , B,{w[,))]Dl-^^ [R^] {V, A)] 

(C.13) 

and similarly for constituent 2. Comparing Eqs. (|C.10[) and (jC.ll[) gives the de- 
sired transformation properties of the Clebsch-Gordan coefficients under Lorentz 
transformations : 

jlij-lj2fJ.2 jlfllj2p.2 

(C.14) 
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In this chapter we derive the phenomenological currents from matrix elements of 
the interaction Lagrangean density and investigate their covariance properties. 
We also take a closer look at the covariance and continuity properties of the 
microscopic bound-state current. 



D.l Vertex Interaction 



In this section we present the explicit calculation of Eq. (|3.72p . In the present 
work we consider two kinds of bound systems: charged mesons (tt^ and p^) con- 
sisting of a quark and an antiquark of different flavors (u and d) and a charged 
nucleus (deuteron) consisting of 2 nucleons (proton and neutron). It should be 
noted that the creation and annihilation operators associated with quark and 
anti-quark of different flavors anti-commute. In this section we will derive the 
constituent currents for the point-like case of quarks and then generalize the 
result to non-pointlike constituents like nucleons. 

We start with the left-hand side of Eq. p.72p and insert for the interaction 
Lagrangean density Eq. p.65|) at x = 0, where constituent 1 is a quark and 
constituent 2 is an antiquark: 



iK^f^ciK' Ml ; ^2 ' ; I ^7 I Ant (0) I fco , Mo ; fcl , /^l ; ^2 , M2> 

= \e\{K,^i',■,k[,^l[■,k'^,^l'2;k'^,^l'^\ [q, ■J.ioh^AWA^io) 

+Qi ■■ V^i (0)7^^1 (0)4(0) : +Q2 : 4(0)7'V2(0)4(0) 
x|feo,/io;fci,/^i;fc2,M2) • 



(D.l) 
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First wc concentrate on the second term of this expression: 

{K,^^c^,K,^J■'l^,l«2,^J■2^K^^^'■y\ ■ -01(0)7^^1(0)^^(0) ■ |fec,/ic;fci,Aii;fc2,/^2) 

1 f d^pi 1 /" dVi 1 /" '^^P-y ( A^A^N 



(27r)3y 2p? ^,(2^)37 2K° ,^,(2^)37 2|p, 

X Ua, {PlhuU„[ {p\)Bi,{p)\ (0|C^/ (fee)dp^ (^2) Vi (feDaA^; (^) 

X : ct^(pi)c^;(p'i)al (p^) : 4,(fc2X(fee)ct,(fci)|0) 



(- 



(2^)3 7 ^,(27r)3y 2p'0 (2^)3 ) 2|p^| 

X "^1 (Pi )7i'W^; (Pi )Bh (p)''a, 

X (0| c^, (fc'i)ct ^ (pi)|0) (0|c.j (p'Jct ^ (fci)|0) (0|d^, (fc^)4^ (fc2)|0) 
x(0|c^;(fci)ct^(fcc)|0)(0|a^,(fc;)al^(p^)|0) 

(2^)3 y 2p\ 2pf Z^ (2^)3y 2|p^| /- ^ ^ ^ 

xii.,(pi)7.^i.;(p'i)i?h(p)'^A,(2^)''5,iK2p?^'(Pi - fe'^) 
x(27r)35,,^,^2p'°(53(p'i - fci)(2^)35^^^,2fc°(53(fc; - fc,) 
x(27r)35^,^,2fc2"j3(fe^ _ fc2)(27r)3(-g^,;,j2fc^<53(fc; -p^) 

= Vi(fci)7.«Mi(fci)5h('^;);; 

x(27r)3<5^^^,2fc,"53(fc^ „ k,){2^f5^^^,2kl5\k'^ - fca). 

(D.2) 

Here we have used Wick's theorem (see, e.g., Ref. |AH03| ). the anti-commutation 
and commutation relations, Eqs. p.59p and p.63p . and that the annihilation 
operators annihilate the vacuum, Eqs. p.57p and p.64p . The calculation of the 
first term is equivalent to the one for the second term: 

{k'^,fi'^;k[,^i[;k2,fi2;k'^,fi'^\ : ■0c(O)7'''0e(O)i^(O) : |fce, Me; fci, /ii; fca, At2> 
= u^,{Kh,u^Sko)Bi,{k'^r^,^ 

x{2TTf6^^^,2kl6^{k[ - k^){2Tif5^^^,2kl5\k'^ - k^) . (D.3) 

For the third term we obtain a similar result, except for a relative minus 
sign which emerges from the normal ordering of the anti-particle operators, 
: 4i(pi)4;(Pi) -c^l; (Pi)4i (pi), i-C 

{k'^, H'^; k[, fi[; k^, fi2; k'^, fi'^l : Vi2(O)7''-02(O)i^(O) : |feo, pic; fci, Ati; ^2, ^2) 
= -v^Akih.v^.',{k'2)Bi,{k'^r^,^ 

X {2TTf5^^^,2ky{k'^ - K){2^f5^^^.2kl5\k[ - k,) . (D.4) 

The matrix elements of the Lagrangean density derived above for point-like 
spin-^ particles can be immediately generalized to current matrix elements 
for extended objects, such as nucleons, mesons or the deuteron. This is 
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done by simply replacing | e | QiUfj^'{k[)j^u^.{ki) by the appropriate expression 
for the current matrix elements of an extended particle, (k[, ij!^,ki, ^i) and 

D.2 Covariance Properties 
D.2.1 Phenomenological Currents 

In this section we prove the correct transformation properties of the currents 
Jf (p^,cr-;pi,crj;) defined by Eq. (j3.83p . Note that the currents Jf (p-, cr-; Pi, Ci) 
are defined via the centcr-of-momcntum currents J^{k[,fi'^;ki,fii) whose trans- 
formation properties arc given by Eq. p.82p . We start our analysis by looking 
at the Lorcntz transformed current: 

>/f (p',,cr-;pj,cr.O J'^{Ap'^,a[\Ap,,ai) 

xD^^^ [R^liRwAV,A)wl,B,iAV))] Dj^^^^ [R^l{RyjSV, A)w,, B,{AV))] 

xD^;^,\R^iV,A)\ Dj;^,^\R^iV,A)\ 
X D^^, [R^\ (i?w. {V. A)w[ , Be {AV))] 
[K^SRwAV.A)y^^.B,{AV))\ 

xD^;r^, [R^\{V, A)R^]{Ry,SV. A)w[,BMV))\ 

X K (^w. {V, A)w, , i?e [AV) )] 

= A'^J^ip'^.a'^-p^^a,) 

X D^;^, [R^^ {w', , B,iV))R^] (V, A)R^] (i?w. (V, A)w', , B, {AV))] 

xDi\^^ [Ry,^ {w,, B,iV))R^l {V, A)R^liRw^ {V, A)w,, B^iAV))] 

= J^pU:; P., <^i)D^^^ K ^)] ^iW. K A)] . (D.5) 

Here we have used in the last step 

, iV))R^l (V, A)R^l (i?w. {V, A)w, , B, (AV)) 
= B:^\v.,)B^{V)B^{w,)B^\V)A-'B^{AV)B:^\RwAV,A)w.) 

=Swc['""-Rwo(^^,A)]=fl^;;(V,A),cf. Eq. ll2~ffl 

xB:^\AV)B^iB-\AV)RwAV,A)w,) 
= B:^\v.)B^{V)R^]{V, A)B:^\AV)B^{B-\AV)RwSV, A)w.,) 
= B-\v,)A-'B^{Av,) (D.6) 

and a similar relation for the primed momenta. We see, by comparison with 
Eq. (jB.20p . that Jf (p^, ct^; p^, (7^) transforms under Lorentz transformations like 
a contravariant four-vector. 
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D.2.2 Microscopic Bound-State Current 

In this section we prove the transformation properties of the bound-state cur- 
rent, Eq. (j4.27p . under Lorentz transformations for the case of equal constituent 
masses and for a pure s-wave {I ~ I' = 0). First we note that, under a 
Lorentz transformation A, the center-of-mass momenta of the electron-bound- 
state system, A:^'-*, fcf'' and fcj''', undergo a Wigner rotation Rw^ iV.A). Conse- 
quently, their zero components are not affected by a Lorentz transformation, 
i.e. fcp''^ = ^'c'", ^1''° = and fcj''"^ = ^i''"- Note that under such a Lorentz 
transformation also the cluster center-of-mass momenta ki and k[ undergo the 
same Wigner rotation, cf. Eq. p.3ip . Therefore, the three-dimensional inte- 
gration measure as well as quantities involving the magnitude of the cluster 
center-of-mass three-momenta remain invariant under Lorentz transformations, 
i.e. d^k'i = d^k[, kf''^ = kf''^ and 771^2 = md- With these findings at hand we 
look at the Lorentz transformed current of Eq. (|4.19p : 

(Rw. [V, A)k'c , fi'^ ■ R^^ (y, A)kc , Jij ; Rw. [V, A)K,) 

_ y/fcpg rd^ /^,& rk')u .Ck) 
- An J fco V"^i2V'^i2 

^dI , [R^l {RwAV,A)w[,B,{Rw^{V,A)w[,))] cfi,* , 

xdI,,^ [R^^ {R^^{V,A)w2,B-'iR^SV,A)w[2)B,iR^SV,A)wi2))] 

xCj|,=^I?|^=^ [R^^ {RwAV,A)w,,B,{RwAV,A)w^2))] 

X I e I (Hw. [V, A)k[){ri + r2Yuf,, (ilw. {y, A)ki) . (D.7) 

Next we look at the product of the two Clebsch-Gordan coefficients between the 
three Wigner D-functions. Using the transformation properties of the Clebsch- 
Gordans derived previously, cf. Eq. (|3.33p . together with Eq. (jC.12[) . which 
allows to split the transformed Z3-function into the product of three D-functions, 
we obtain the following equation: 

Dl [R;^jRw^w[,B,{RwM)]cfj,\=, 

x2?|,=^ [flw. {RwW2,B-\Rwyi2)Bc{Rw.wi2))] 

xDj,^^ [R^^ {w2,B-\w[,)B,{w,2))] 
xCV^^^^Dl^^{R^^(w,,B^(w,2})] 

xdI:^, {RwjDl,. (RwjDj*^^ {Rw.)Dly^ (RwJ ■ (D-8) 
In this calculation the 4 Wigner ZJ-functions D? ^ , = , D?, and -D?, =, 

MlMl MlMl ^2^2 

have been canceled with the corresponding inverse ones from the Clebsch- 
Gordan coefficients. From the transformation properties of the constituent cur- 

^^^^ - 
rents, Eq. p.82p . we get 2 more Wigner D-functions which cancel D^^^^ and 
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D?*^, in Eq. (jP.Sp . With these findings we finahy end up with the transforma- 
tion properties of the microscopic bound-state current given by Eq. (j4.27p . 

D.3 Current Conservation 

D.3.1 Pseudoscalar-Bound-State Current 

In this appendix we prove the conservation of the electromagnetic current, 
Eq. (|4.33l) . for pseudoscalar bound states. For simplicity we restrict our con- 
siderations to point-hke constituents, hke quarks, for which the vertex reads 
(A + ^2)^' = (Qi + We start with the right-hand side of Eq. (HSU): 

= -{k'c-kc)-Jps{k'c,kc,K,) 

' ^K" 

77^ <o(^')"«o(fc) 
'^12 

Mi Ml 

X - fci) • 7Wmi (fci) , (D.9) 

since k'^ = fcjl and q = k'^ — kc = k'^ — ki = qi. In the following calculation 
we will suppress the argument of the Wigner Z3-function for better readability. 
Let us first concentrate on the contraction of the spatial part of the constituent 
current with qi. Using the standard representation of Dirac spinors, Eq. ()B.8p . 
we obtain after a short calculation 

5^ V,(fci)(fe'i - fci) ■ 7«Mi(fci)^Li 

m'iMi 

„I2 




E 

m'iMi 



k-^ k'Y ' k-y k-y k\ ' k-j^ 



-ik[ X fci • (^J/ cr<r^jj 



k[° + m k^ + m k^ + m kf + ni 
1 1 



'^Mim'i 



k^{ + m k'l^ + m 



, , (D.IO) 



where we have used Eq. (|B.4p . On the right-hand side of Ec^. (|D.10I) the terms 
between the first round brackets are multiplied by 5^-^^' and the Wigner D- 
function. Summation over the spins gives for this product 

E W.^L; =E^J^A.^ =25i(^|i)> (D.ll) 

m'iMi Ml 



where we have used Eq. (jC.8|) . Let us now concentrate on the first two terms 

h'^ fci -fc' 

between the first round brackets, ^,,1^^^^ + ^u_^_^ . If we replace all primed by 

unprimed momenta and vice versa we obtain simply -rjrr ^ urr^ — ■ Further, 

we observe that this expression has just the opposite sign of the second two 
terms between the first round brackets. Consequently, if we can show that 
the remaining expressions under the integral in Eq. (|D.9p are symmetric under 
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the interchange of primed and unprimed momenta, these 4 terms between the 
first round brackets cancel upon integration. To this aim we transform the 
integration measure in Eq. (jD.9[) according to Eq. (|4.25p . Then we obtain for 
the kinematical factors under the integral of Eq. (jD.9p the following equality: 



(D.12) 



It is evident that this expression is symmetric under the interchange of primed 
and unprimed momenta. The Wigner Z)-function in Eq. ()4.33p transforms un- 
der the interchange of primed and unprimed momenta and spins by complex 
conjugation: 




Df,,^^ [Ew^ {w[,B,iw[,))K^l {w2,B-\wr2)B,{w[^)) 

^Evl iwi,Bc{wi2))] 
D^*^, [flw. {wuB,{w,2))Ryl {w2,B-\w[^)B,{w,2)) 

xR-l{w[,B,{w[,))] . 

(D.13) 



Further we have 



(D.14) 



Mi Ml 



where we have used Eq. (jC.8() . Thus, by comparison with Eq. (|D.11|) . we see that 
this expression is also symmetric under the interchange of primed and unprimed 
momenta. For real radial wave functions it„o(fc) the product u*g(fc')u„o(fc) is 
also symmetric under interchange of primed and unprimed momenta. Putting 
the pieces together wc have 




(D.15) 
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Here we have in the last step just renamed the integration variable. The right- 
hand side of this equation is just the negative of the second 2 terms between the 
first round brackets in Eq. (|D.10[) . Therefore, the first 2 terms cancel the second 
two terms between the first round brackets due to the relative minus sign. 

Next we consider the first term between the second round brackets in 
Eq. (jP.lOp . jrf^, which has just the opposite sign of the second term if all 
primed and unprimed momenta arc interchanged. Therefore, in an similar man- 
ner as above, we have to show that all other factors are symmetric under the 
interchange of primed and unprimed momenta in order that these two terms can- 
cel. To this aim we start with the terms proportional to ^^J, c:,,^ in Eq. (jP.lOl) . 
The relevant factors to be considered are 

M'iMI 

Performing the sums over the spins gives 

E^-3^./?L, ==2i3p|J. (D.17) 

Under interchange of all primed and unprimed momenta this expression picks 
up a minus sign: 

E <.la, ,,,dI,^^ = 215^:) = -2i5(i^| J . (D.18) 

m'iMi 

Since this expression is multiplied by {k[ x fci)'^, the product, Eq. (jD.16p . is 
again symmetric under primed-unprimed momenta interchange. Therefore, the 
two terms proportional to i^J, 173 c^u, cancel. 

Ml ^ 

The proof for the c:J, (J2 ^^^^ -terms is similar. Carrying out the spin sums we 

get 

EsV^^M.^Li =-2i5R(i?^iJ. (D.19) 

m'iMi 

If we interchange again all primed by unprimed variables we find also a relative 
minus sign: 

E '^>^^,'A,,, = 2i5i(i?!i 1) . (D.20) 

m'iMi 

Therefore, 

(fclxfcO^Es'^i^^Vi^iMi (D.21) 

m'iMi 

is symmetric under primed-unprimed momenta interchange and the two terms 
proportional to (tJ/ cr2 "J^i cancel. 

Finally we are left with the <rj/ (Ti^^j-terms: 

m'iMi 
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Interchanging all primed by unprimed variables we find also a relative minus 
sign: 

Therefore, also the product 

is invariant under primed-unprimed interchange and the two terms proportional 
to ^J^cTi^^j cancel. 

Since all contributions cancel each other upon integration over fci the con- 
servation of our pscudoscalar-bound-statc current is proven. 



D.3.2 Vector-Bound-State Current 



For the vector-bound-state current, Eq. (j4.38p . current conservation does, unlike 
the pseudoscalar case, in general not hold. This statement is expressed by 
Eq. (|4.42p and will be justified numerically later on. As we will see in this section, 
an analytical proof of current conservation along the lines of the pseudoscalar 
case does not work, since the product of the 3 Wigner _D-functions together with 
the 2 Clebsch-Gordan coefficients in Eq. (|4.28p cannot be written as one single 
Wigner Z?-function. Therefore, it is not possible to use symmetry arguments 
for the spin-dependent factors under the interchange of primed and unprimed 
momenta and spins. To see this it suffices to consider the constituents as point- 
like particles. For better readability we use the following abbreviation for the 
product of the 3 Wigner £)-functions and the 2 Clebsch-Gordan coefficients: 



S 



4^, KK,i3.K,))] cjg:^. 



(D.25) 



On the right-hand side of Eq. ()4.42p we have the contraction of the spatial part 
of the (point-like) constituent current with qi (cf. Eq. (|4.26p ) 



-ifc'i X ki ■^Z(T(.t,, 



k'^ 



ki ■ k[ 



kl 



ki ■ k[ 



k'l + m kf + ml ^^^1 



s 



(D.26) 



^kl + m kf + m^ 
For the first term proportional to (5^1^'^ we can perform the spin sum 

E^...;'5;>/=E5;i-. (D.27) 
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The important observation is that this expression is, in general, complex and 
not just a real number like in the pseudoscalar case. On the other hand, by 

interchanging all primed and unprimed momenta and spins in S^^^^J that are 
integrated and summed over, respectively, wc find 

= <;:r- (D-28) 
Carrying out the spin sum of this expression gives 

since this is, in general, a complex number. Consequently, cancellation of the 
4 terms between the first round brackets of Eq. (jD.26|) cannot be shown by 
simply renaming primed and unprimed momenta and spins that are integrated 
and summed over. 

With a similar argumentation we proceed for the other terms between the 
second round brackets of Eq. (|D.26|) . For the term proportional to <;J, (T3 we 
can perform the spin sums: 

On the other hand, interchanging all primed and unprimed variables that are 
summed and integrated over we get 

Since S't^t^ — S'^'t\ is a complex number, we have in general 

22 22 

^p>. _ ^M>^ ^ _^ _(5^>^- _ S'^'!^\y (D.32) 

22 22 22 22 

and therefore the terms between the round brackets do not cancel. 
Similarly, we proceed for the c^J, (T2 (j^j-term: 

^2 S^l^, = 1 (5 1 ^_ 1 - 54 J . (D.33) 

Mi All 

Interchanging all primed and unprimed variables that arc summed and inte- 
grated over gives 

T^,^2 '^^[S^l^, = 1 {S_\, - S,'^, ) . (D.34) 
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Since, in general 

{S^'l^l - si'^l )* ^ ~{s('^i - S'^'t',) (D.35) 

22 22 22 22 

the corresponding terms do not cancel. 
Finally, for the ^J, cti <;^i-terni we have 

Interchanging all primed and unprimed variables and summing over gives 
Since, in general 

(S^i + S'f'^i r ^ - ^^h ) (D.38) 

22 22 2^2 22 

the corresponding terms do also not cancel. 

Since, in general, the integrals will not vanish by symmetry arguments we 
do not expect the vector-bound-state current, Eq. (|4.38p . to be conserved. 

D.4 Covariant Structure 

The explicit analysis of the covariant structure of the vector bound-state cur- 
rent Jy(pQ, (Tj;pc: ^c) is carried out as follows: by multiplying the tensor 
^a* (P'c)^a Xpc) with the available covariants P^, and/or together with 
gt^'^ we build all independent Hermitean covariants. From the transversality 
property, Eq. (jB.29[) . follow the relations 

eUiPc)-Pc^-C'iPc)-d and e., (pc ) • /^c = e<x, (pc ) • d ■ (D.39) 

Then, wc can immediately construct the following two independent Hermitean 
covariants: 

^';r(p'c)[6.,(pc) • d] - e^^^ipcMdp'c) ■ d] , (D.40) 
e^r(p'c)[6.,(pc) • Po] + e(^^(pc)[4' (P'c) • ^c] . (D.41) 

In order to set up the other covariants we construct all independent scalars 
where the two polarizations vectors appear either symmetric or antisymmetric 
under mutual exchange: 

el, {p'c) ■ e., (pc) , K, {p'c) ■ d] [e., (pc) • d] , [e;, (p'c) • P.] [e,^ (pc) • P.] , 

3 3 3 

K- (p'c) • d] [e., (pc) • P.] ± K- (p'c) ■ Pe] [ea, (pc) • d] . 

These scalars are then multiplied with the available covariants P^, d'^ and P^. 
Now we exclude all anti-Hermitcan combinations such that only the following 
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Hermitean covariants remain: 

[e;, (p'c) • d] [e,^ (pc) • , K, (p'c) • d] [e., (pc) • d]P<r , 

[e;, (p'c ) • Pe] [e., (PC ) • Po] P^. , K, {p'c )-Pc] [e., (pc ) • Pc] Pe^ 

{[e;, (p'c) • d] [e.^. (pc) • Pe] - K, (p'c) • Pe] [e., (Pc) • d]}P^ , 

{[e:j(p'c) • d][e.,(pc) • Pe] - [e:J(p'c) • Pe][6.,(pc) • d]}Plf , 

{[e;, (p'c) • d] [e.^. (pc) • Pe] + K, (p'c) • Pe] [e., (pc) • d]}d^ • (D.42) 

These 9 covariants together with (|D.40p and (jD.4ip are then 11 Hermitean 
covariants. Consequently, we can parametrize the current Jy (p'c , cr^ ; pc , crj ; Pe) 
in terms of 11 form factors, the 3 physical form factors /i, /2 and and 8 
spurious form factors 6i, . . . , fog. 
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Appendix E 



Matrix Elements of the 
Optical Potential 



E.l Constituent-Level Calculation 



In this appendix we present the rather lengthy calculation of the on-shell 
velocity-state matrix elements of the one-photon-exchange optical potential for 
elastic electron-bound-state scattering. A similar and quite detailed calculation 
for the case of spinless constituents can be found in Ref. |Fuc07| . In the same 
manner we start with Eq. (j4.12p and insert completeness relations for free and 
clustered velocity states, Eqs. (|2.77p and (|3.37p . at the appropriate places: 



= (Z'; fe;, M^; fc'i2, f^j I i'i2e K ii2c7 (^^c^ - a/) 
X ii2o7 ii2c| Z; fcc' M^; ^12' n, j, nj) 
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Matrix Elements of the Optical Potential 



d^V d^k'^ d^k[ (fcf + k!^" + k'^°)'^ 



(27r)5i J V'O 2k'° 2kf 

d^V" d^fcf d^fci" d^fc^' (fci"" + ^2"" + fee"" + fc"'") 



E 



2A;;"0 2fc'/'0 2k: 



2 



d^Z" d^fc'/s d^fc:; (fc(^o 



yt"0 I ;."0^3 



11"° 2fc^o 2fc"° 



2k 



no 



d^V" d^fc^' d^fci' d^k'i (/c'/o + 



"0 
2 



■ E 



^"0 



(_g_-,_^ ) 



= 



T/"0 2fc;,'" 2fci'0 2fc^'0 



2fc;'o 



E (- 



2fc§ 



E 



1/" 2fcO 2fcO 

X (Z'; fee, Af^; ^'12,": J, 1^'; a^c; ^i, a^'i ; ^2 > ^2) 

X {V, K, k[,^,[;k',,^^',\K\v'"■, fc^, a^^"; fc'i", a^'i"; ^2", a^2"; 

X (T/ ; fcj, , /ij, ,ki , ;k2 , ^2 i ^7 7 A^7 I 



xiz";fc;',/x:';fci2,^",/',/^;';fc7,M;'> 



X (Z j^eiA^i^l2;^ ij 7 A*j i ^^7 1 A^^ I ^ j ' A^o i ^1 J A*! i '''2 7 A'2 i '''7 7 A'7) 

X ( V^" ; fc^' , A^;' ; fc'i' , ii'i ; fc^' , M2 ; fc" 7 Ai" I I , Me ; fci 7 A*i ; fc2 7 Ai2) 
x(V^;fcc,/ic;fci,Aii;fc27A^2|Z;fec7/£r'^i27"7j7A'i> ■ 



(E.l) 



The matrix elements we need to know are typically scalar products between 
free and clustered velocity states as well as matrix elements of the vertex oper- 
ators between free velocity states, which have been already derived previously. 
The former define the bound-state wave functions on the three- and four-body 
Hilbert spaces, cf. Eqs. p.23p and p.35p . The latter consist of 3 terms and 
are defined by Eq. p.7ip . Inserting the latter gives altogether 9 terms which 
are depicted in Figs. IE. II and IE. 21 There the blobs that connect the Ci and 
C2 lines stand for integrals over wave functions of the incoming and outgoing 
bound state. 

We are interested only in the 4 contributions of Fig. IE. II since the remaining 
5 of Fig. IE. 21 are self-energy contributions in which the photon is emitted and 
absorbed by the same particle. The latter contribute to the renormalized masses 
of the electron and the bound state and will therefore be neglected. The first 
contribution of Fig. |E?T1 F^^i, where the photon is emitted by the electron and 
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Figure E.l: The graphical representation of the 4 possibilities -Te-j-i; A-j-e, 
^0^2 and r'2-i.c to exchange the photon between the electron and one of the 
constituents. 



e . e e . e 




Figure E.2: The graphical representation of the 5 self-energy contributions -ri->2, 
/2^i, -To-^c, ri^i and /2->2 to the optical potential, where the photon is emitted 
and absorbed by the same particle. 
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absorbed by constituent 1 is given by the rather lengthy expression 
d^V d^k'^ d^k[ (fcf + k'^" + k'^"f 



r, 



2kf 



V'O 2k'0 2kf 
d^V" d^fcf d^k'C d^k'^' (fc'/'O 



k'i'^ + k'^'° + k'''°f 



y'"" 2fc^"0 2fc'/'" 2fc^"0 



2fc;"o 



"0\3 



2fc;'° 2fc;'° 



2fc^" 



E (- 



)--7-T , 



d^F" d3fc^,' d^fci' d^fcg (fcr + fcf + fc^'o + k'l^y 



V"° 2k'^° 2kf 2fcgo 



d^V d^fce d^fci (fc° + fc^ + fcg)3 



2fc;'0 



E 



E (- 



nyOnyO 



2fcg2fc;" 



Zifb 1 Q Z( A; „ 



(-1) 



x,53(y'-y')V""5'^fc' 



2fc^"2fc;'°2fc;'° 



-y 



"0 



xif-, 



" J My Pi PI 



..(fc"')(fcf + /fc^^° + fc: 



7 



nyOnyra 



2fc^02fc;'°2fc;'" 



9i-"09i."09Z,"0 

12 c '^"''Y 



(-1) 



xS%V" -V")S, 



y 



"0 



x| e I Qe V(fcc)7.^p.(fce) 6^,^,,2k'lS'{k'l - fci) 



x,5^,^,,2fc^,5^(fc^'-fc 



2 k-^ 2 



2 ^ 



x<53(y - y)<5^^^„53 _ fe,)^'„,^^^,^,(fe) . (E.2) 

The integrations over V, V , V" , V" , y", fee, K' ^ k!e^ fc", fe"', 

k", fc2" together with the sums over fi^, fJ-'a A^c: Mo'j Af^'' m"'' ^^7' 
/X21 /^2" '^^'^ be carried out by means of the corresponding Dirac deha 
functions and Kronecker deltas, respectively. Then the contribution simphfies 
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to 

Te^i = {27rfv''S^{V-V:) 

X 



rd^k'^ 1 1 1 V /" '^^^^ V 



^1^2 Mi ri"j'> 

Zfi,]^ Z«,2 / Z/i,j^2^'''C ,7V* 

r^ri7M'M',Mf,l'^ ^ 



x'Z'„",v,^.^,„^, (fc'") (fc^o + fc^o + |fc, - fe^l - 



2fc?2fc§ / 2fcO 



Here we have used the completeness relation for the photon polarization vectors 
Eq. (|B.23p . Furthermore, the delta function d^{k'^ - fc2) of Eq. ((E3)) has been 
rewritten according to S^{k2 — ^2) = ^"^(fc" — (^o — ^e)) t>y using fe^ + + fc^ = 
— fcj £ind fee + Ail = ■ 1^0^ better readability we have kept k'{' = k'^ — k^+J^ 
and k!^' = fcj- In Ref. jFuc07| the Jacobian for the variable transformation 
between the integration measures d'^ki and d'^fci has been derived: 



d-^fci ^ d-^fci J J ) y ^ . (E.4) 

Subsequently, the integration over d'^fci can be carried out with the help of 
the normalization condition of the wave function, Eq. p.l6p . For the special 
case of a pure central potential as used, e.g., in Ref. |KSK03j . the normalization 
condition can be proved with the help of the appropriate orthogonality relations 
of the Wigncr ZJ-functions, the Clebsch-Gordan coefficients and the spherical 
harmonics, Eqs. ^^W^ and (H^: 

M1M2 



Ml Ms Ml M2 M!MsMlM2 
~iSMs /^JMj 



X 
Ml 



Eq. E3 



E^M'M2 K (^2,i3c(«^12))] i?^:^, [^W. (*2,Sc(«^12))] 



M2 M: 

M2 
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J dn{k)Y*,^,,{k)Yi,, (fc) ci;:;^^,u„i{k) 



=Su"S^^,,'^' , Eq. im 

Ml Ms 

= ^33"S^^^,'^'Snn" ■ (E.5) 

Here we have assumed that the radial wave functions are normahzed to unity: 

dk pM*„;(fc)u„;(fc) = Snn" ■ (E.6) 



Finally we denote all incoming momenta and spins by unprimed symbols and 
all outgoing momenta and spins by primed symbols. Then the result reads 



2|fce-fc^| V V (^c + fce)' 

X {!C + k"c + \K-k'J^My^ 

d:^k[ 1 1 

nu'D oh/O nW 

ZiAj-j^ "Ai-j^ 



x^\/^^ 2(l"r4o) V 2(^0+^") 

xJ^,{k[,^l[■,kl,^ll){~g^'•') I e I Qe ?2^(fe^)7M>^(fee) • (E.7) 

In this expression the momenta satisfy the relations fci = k[ — (fee — fc^) since 
k'2 = k2 ^ —k'l — k'^ = — fci — fc^ — fc". The other three contributions from 
Fig. lE.ll are obtained in an analogous manner and will not be calculated here 
explicitly. They read 



x{g' + k"c + \K-K\-My' 
d^k'2 1 1 



ojU'O nyO ni.0 

ZjAz-j^ ZjA/^ ^"'2 



^2/^1^2 
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where A;2 = fcg — (fee — fc^) and k[ = fci, 



{^ + k'S + \K-K\-M)-' 

d^fci 1 1_ 

olO 9Z,0 9Z,'0 

Z(A;-|^ ZiAy-j^ 



2 A^-j^ 2 



X 

xJi,(fc'i,/^i;fci,/xi)(-g^'')|e|QeV(feo)7A."M (^e) (E.9) 



where fc'j^ = fci — {k'^ — fee) and fcj = fc2 and finally 



X (fcJ! + A:^" + |fc;-fcc| -M)"' 

d3fc2 1 1 



olO 9Z,0 oyo 

^r\i-^ 



V V 12 Y 2(^^0 + ^,0) Y 2(fc0 + ^0) 

Xj2.(fc2,/^2;fc2,M2)(-g^")|e|QctV(fco)7p"M (fee) (E.IO) 



where k'2 — k2 — {k'^ — kg) and fc^ — ki. 



E.2 Combining the Time Orderings 

The next step towards a simplification of the sum of the four contributions we 
have obtained above is to combine the 2 possible time orderings for each ex- 
change process to one covariant contribution. To this end we use for Fi^e 
the spectator condition = ^2* ^^^^ the equality of integration measures 
d^fci = d3fc5^ since fc^ — fee is a constant. Moreover, we can simply rename the 
spin indices that are summed over according to the spectator condition ^2 = 
and by the replacement /ii <-> yu'j^. These rewritings make -Ti-i-c easier compa- 
rable with -To^-i. An analogous manipulation applies to /2->-e- Consequently, 
after neglecting the self-energy contributions, the optical potential, Eq. (|E.ip . 
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becomes 



1^0 



+ r,^2 + r, 



2-5-0 



[{U° + k"c + |fec - fc^l - A/) ' + + fcc" + \K - feci - M) ' 



E 



X 

Ml 



2fcf 2fc^" 2fc? V 2(fcf + fc^O) V 2(fc? + fcO) ^ ''^12 V ^^=12 

njM' M'iMi )'^niA'jMlM2 {^)'^'Lv{kiT ^^i, ki, fj,i) 



d^fc^ 1 



2fc02fcO 



2fciO 2fciO 2fcO Y 2(fcf + fc^O) V 2(fc? + fcO) 

1^(^21 /^2i ^2j M2) 

M2 

x(-g^'^)|e|geV('^c)7M«M (fee). 



2^12 V^^i: 



(E.ll) 



The two terms in the first square brackets correspond to the two possible time 
orderings, i.e. emission of the photon with subsequent absorption by one of 
the constituents and vice versa. Since we consider on-shell matrix elements, cf. 
Eq. (|4.10p , both time orderings of the photon exchange can be combined to give 
the covariant photon propagator: 



2\k'-K\ 



I k^ kr 



M) 



iko-k'0){kOc-k'S) + {k,-kiy 

2\k'-kJ 



(E.12) 



with the four-momentum transfer to the bound-state (or equivalently of the 
electron) given by 



q ■= 



k'12 - ki2 



kc 



and := -g^g^, . 



(E.13) 



Note that the three-momentum of the photon is fc" = ±(fcg — fee) = ±9- Here 
the sign depends on the time ordering whereas fc°" = | (fcg — ke)\ = Q^q^is in- 
dependent of the time ordering. This modification further simplifies Eq. (jE.lip . 
which then finally takes the form given by Eq. (|4.14p . 
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Extraction of the 
Electromagnetic 
Form Factors 



F.l Current Matrix Elements 



Similarly as in the pseudoscalar case we extract the electromagnetic form factors 
of a vector bound state, /i, /2 and gu, from Eq. (|5.9p in the limit k ^ oo, where 
the form factors become independent of k. First we shall analyze the behavior 
of the current (|5.9p in this Hmit. For better readabihty we use the following 
abbreviations for the covariants multiplying the form factors. The covariants 
associated with the physical form factors /i, /2 and gu are defined by 



(F.l) 
(F.2) 



L^{fi',,fi,) {e;:r(fcy[e^^(fec)-g]-e;;^(fec)[e;.(fct)-<z]} , (F.3) 
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Cr(A.;,/.,) := e;,{k'c)-e,^{kc)j^^, (F.4) 
C^{fi',,ti,) := [e;,{k'c)-q][e,,{kc)-q]^:,^^, (F.5) 



respectively. The i^e-dependcnt spurious covariants which are multiplied with 
the spurious form factors 61 , . . . , feg are denoted by 

Kl 
i-'c ■ Ac 

C^if^'rH) ^{K'il'c)-me,Akc)-K.]}j^^f^, (F.6) 

C4^(m;,/^,) [Kdk'c) ■ q]KAl'c) ■ Ko] - [e;dk'c) ■ me,,{kc) ■ q]} J^^frj^ . 

(F.7) 

[e* (fey •A-e][e^,(fcc)-Ag 
C^i^^'r^^l) ■■= — {J^-J^2 4m2if^, (F.8) 



(fey • q] [e^^ (fee) • A'c] - W;, (fey • A'e] [e^, (fee) • q] 



C^M^^J^^) ■■= j^-^ i^^ (F.9) 

e;:r(feyK.,(fec) • ife] + ^%{ko)\e*^,(k'^) ■ 
C,^(/i;-,/.,) 2ml^ , (F.IO) 

Cs^K-,/^.) := ^ 9". (F.ll) 

Using our standard kinematics introduced in Sec. 15.3.11 the non-vanishing co- 
variants in the limit A; — >■ 00 are given by 

L^(l,-1) _^2fc(l,0,0,ir, (F.12) 

L%,{\-\) -^(l,0,0,ir, (F.13) 

/ (3(4(fc - mc)mc + ^ „ Q(4(fc - mc)mc + Q^) \ 

(F.14) 

/ 4(fc- mc)TOcQ^ + '^'■'^ ~ ™c)mcQ^ + Q"^ \ 



8y2ml ' ' ' 8V2r, 



(F.15) 



L^uim (- ^^'t : 0, - : V\ (F.16) 



Cai,0) --^ (1,0,0, ir , (F.17) 

^6^(1,0) Q(2fcmc + Q^) ^ (p_^8) 

2v2toc 

^7^(1,0) -L(_g,_™c,imc,-g)^ (F.19) 

C8^(l,0) (o,-|l-,0,Or, (F.20) 
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L5'(l,l) _(2fc +-^) (1,0,0, If , 

mc 

fc^oo 2kmcQ^ + Q'^ 



2mc 2m 



c 

2 \ M 



c 

^6^(1,1) -^(i,o,o,ir, 

2mc 

L5'(0,0) -2fcm^ + (fc-2mc)Q^ ^^^^ 



(fc-2mc)Q4 
4m^ 



L^(0,0) -..^w^ (l,0,0,ir 

L5J,(0,0) _t^±Zj£)^(i,o,0,ir 



^5^(0,0) fc(2,0,0,2) 



Cg^(o,o) ^Ji__p:^(2,o,o,2r , 



C^(0,0) ^ fc(2,0,0,2)^ 



It becomes evident that the current is not conserved, not even in the hmit 
k — > oo, due to the non- vanishing contributions of C^{1,0) and C|(1,0) (note 
that for the given kinematics the four-momentum transfer is = (0, Q, 0, 0)^). 
In addition, we observe, using our kinematics, that the zeroth and third com- 
ponents of the current become identical in this hmit, i.e. 



'^^>' j^l™, -^v(fcci fcc, Aij-; ^c) = ^lirn^ Jyi^C^ f^'j', kc, K^) = J^^^^. ■ 

(F.31) 



This reduces the number of independent matrix elements given by (|5.37p from 
11 to 7. Consequently, we need 7 form factors, the 3 physical /i, /2, 5m and the 4 
spurious form factors 65, . . . , 63, to parametrize the current in the limit fc — > 00. 
From Eqs. (jF.12|) - (jF.30|) we find the following leading-order contributions to 
the current matrix elements in the limit fc — >■ 00 (using the short-hand notation 
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limfe^oo J!^{k'(., n'j;kc, IJ.] \ Kc) = J^^^ and linifc^oo fi{Q'^,k) = F^iQ'^) ): 



^J°o = i^iL?(0,0) + F2L°(0,0) + GMiM(0,0) 



e 



e 



+BeC^iO, 0) + 55^5° (0, 0) + BjC°{0, 0) + 0(fc°) , (F.32) 

^J?! = i^iL0(l,l) + F2L°(l,l) + O(fc°), (F.33) 
|e| 

^ JOq = FiL?(l,0) + F2L^(l,0) + GML0,(l,0) + S6C°(l,0) + O(fc"), 

(F.34) 
(F.35) 

(F.36) 

(F.37) 

(F.38) 

Wc observe that the current components Ji^, Ji_i and Jfi do not contain any 
dominant spurious contributions and are therefore "good" components for the 
extraction of the physical form factors. With the help of the limiting expressions 
for the kinematical factors and constituent currents, cf. Eqs. (|5.13p and (|5.17p . 
respectively, we find for the hmit of the zeroth (and third component) of the 
current (divided by 2fc| e |) the following overlap integral: 





= F2L2(1,-1) 


+ O(fc0), 






+ 0(fc-i). 


lel-^i" 


= 57^1(1,0) + 




lel-^io 


= ^7^2(1,0)4 





X { [fHQ') + F^iQ')] 5r>^- + ^/7 [FiiQ-') + FUQ')] S^>' } . 

(F.39) 

Here 5^'^^ and s!^''^' are the spin factors from the Wigner D-functions and 
Clebsch-Gordan coefficients as given by Eqs. (j5.5ip and (j5.52p . Then using 
Eqs. (|F.12p . (|F.2ip and (|F.22p the physical form factors Fi and F2 can be 
extracted from Jy(1, 1) and Jy(l, — 1) according to 

Fi(g2) := hm /i(g2,fc) = -^ hm -1 [^(1, 1) + jO (1, -1)] , 

(F.40) 

F^iQ') hm /2(g^fc) = -^ hm i-jO(l,-l), (F.41) 

with 77 = g^/(4mQ). For the magnetic form factor Gm we need the current 
matrix clement J^i. From the expansion of the nucleon current around /c = 00, 
cf. Eq. (j5.16p . we see that the second component of the nucleon current is 
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suppressed by 1/fc. By pulling the factor 1/k out of the integral it is scon to 
cancel with the factor y/k^k'^. Thus we find the following overlap integral: 

X I e I { [Fi(Q2) + F?{Q')] (fcf 5r>^ + '-§Sr^^ 

+ V^[FiiQ') + Fim] [imS^>' +k?S','''')} , (F.42) 

with the spin factor ^3^'^^ given by Eq. (|5.53p . Then the magnetic form factor 
is extracted using Eq. (jF.23|) as 



Gm(Q') lim guiQ^k) 



\o\Q 



(F.43) 



F.2 Projection Tensors 



To see explicitly that the expressions (|5.57p - (|5.59p arc identical with the inte- 
grals of Eqs. (|5.48p - (|5.50p we have to investigate the particular expressions that 
appear under the integral after contracting with the projection tensors. Using 
our standard kinematics we obtain the following expressions of interest in the 
limit fc — >■ 00: 



fcO 

Bc{-wc)q 
^ Bc{-w'^)Kc k^c 



k^oo 



A2 + '^k'l 



^ -,Q,0, ^ 



2mc ' ^ ' ' 2mc ) ' 



2mc 



2mc 



2toc 
/n2 



2 02 



2TOr 



2to 



c 2mc/ 



(1,0,0,-1) 

TOC 

— (1,0,0,-1) 
mc 



(F.44) 
(F.45) 
(F.46) 
(F.47) 
(F.48) 
(F.49) 
(F.50) 



B,{-w'c)\g''^B,{-wc)\ 



/ l + QV(2m2) Q/toc 

-Q/mc -1 
0-1 
V -QV(2m2) 



9V(2m2) 
Q/mc 




-Q/mc -1 + QV(2to2) y 



(F.51) 
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Furthermore, the expressions involving the constituent currents 

-Bc(^'lf c' )^T^i i^iT t^iJ ^ii f^i) J QrJi {f^ii l-^-i] f^i, ^-i) 7 

KcrJl (fe-, A*-; k„ /{Kc ■ Kc) and KcrJI (K, M,; (F.52) 

are seen to be finite in the hmit fc — > oo. They are rather lengthy and will not 
be given here explicitly. Also, the spin matrix 

x{ax)f,>f,,Dl,^, [R^^ K,BeK2))] (F.53) 

is a lengthy but also finite in the limit fc — > cx). Therefore, the form factors 
defined in Eqs. (j5.57p - (|5.59p are finite in the limit k — >■ oo. Putting everything 
together it can be shown that Eqs. (|5.57p - (j5.59p are actually equivalent with the 
integrals given in Eqs. ((05)) - ((53n)) F1 



^Due to the complexity of the problem we have carried out the proof using the symbolic 
Mathematica© programming language. 



Appendix G 

Meson-Exchange Potentials 
in the Static Limit 



Here we use appropriately normalized Dirac spinors given by 

Ua{p) = U„{P) ■ (G.l) 

V 2.ra 

In the static approximation and taking the limit to — > oo the Dirac spinor takes 
the form 

u^{p)^ul^^{^ ) , (G.2) 

with 

ulUil' ^i,<;„^5„>„. (G.3) 

Then is easy to see that the second-order amplitude for the scalar meson ex- 
change m[^j in Eq. (j6.10[) becomes just the static potential in Eq. (j6.1ip : 

2 -nr nr \ -nr nr _ 2 '^A'l Ml '^Aa A2 ,^ . x 

where qi = k'^ — ki is the three-momentum transfer. For the vector meson ex- 
change contribution to?^" in Eq. (|6.10|) we first concentrate on the contributions 
of the second term of the w-meson propagator which reads 

-gl-u~^,ik[)^^u,,{h^^ (G.5) 

Making use of the Dirac equations for the spinors, Eqs. p.55p and p.56p . we 
have 

%i (^'1)7^(^1'' ^ === '«^;(fci)(n^N - TON)w^i(fei) = . (G.6) 

Thus, we find that the second term of mf^^ vanishes for on-shell nucleons. For 
the contributions of the first term of the w-meson propagator 

- 5^ Vi (fc'i)7M"Ai (^1)7?^ TT^ (fe2)7i/%2 (^2) (G.7) 

[K^ — Kl) — TO^ 
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Meson-Exchange Potentials in the Static Limit 



we use the standard representation of the 7-matrices, cf. Eq. (jB.l|) . In the static 
hmit the spatial components of the nucleon current, being proportional to the 
three-momentum divided by the mass, vanish: 

5^.(fc'i)7%,(fci)«S^i;7''<; =0, Vz = l,...,3. (G.8) 

Thus the three-vector part of the contraction of the currents vanishes: 

We arc left only with the temporal components £t^'^ {k[)'-f'^Ufi-^ (fci) which become 
unity in the non-relativistic limit: 

S^, (fc'i)7%,(fei) « ull^'ull = (G.IO) 

Therefore, the second-order contribution in the static limit is 

which is just the static potential given in Eq. (|6.12p . 



Appendix H 

Notation 



|0) Vacuum state 

In n-dimensional unit matrix 

Unit operator on the n-particlc Hilbcrt space 
a Harmonic oscillator length 
a^^-* (p) Photon annihilation (creation) operator 
a Dirac matrices 

a(i.oi) Deuteron bound-state pole (for relativistic kinetic energy) 

A^^{x) Local photon field operator 

at Deuteron scattering length 

Bc{v) Canonical (rotationless) boost 

Bg{v) General Lorentz boost 

Bii{v) Helicity boost 

Bi[Q^) Spin-1 spurious form factors for fc — > cx) 

hi{Q^,k) Spin-1 spurious form factors 

B{Q^) Spin-1 elastic scattering observable 

h{Q^,k) Spin-0 spurious form factor 

6((5^, k) Spin-0 form factor associated with Pj^ 

6(Q^,fc) Alternatively normalized spin-0 spurious form factor 

c Speed of light 

C Charge conjugation operator 

Co Spectral shift constant 
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Cf {fi'j , fij ) Lorcntz structure associated with the spurious form factor bi 
Cl^^ , Clebsch-Gordan coefficient 

Cct ' (p) Fcrmion annihilation (creation) operator 

5ij Kroncckcr symbol 

(5"(a;) n-dimensional Dirac (5-distribution 

Four-momentum transfer 
^a'a'iSd Wigner D-function 

da •* (p) Anti-fermion annihilation (creation) operator 

e Elementary charge 

Eb Deutcron binding energy 

' Relativistic deuteron binding energy 
£ Pauli metric 

e^(p) Spin-1 polarization vectors 
gPi/cTT Lcvi-Civita symbol 
FB{qi) Body form factor 

{Q'^) Spin-1/2 form factors of constituent j 
Ff^ Projection tensor for Fi^Q"^) 
Fi{Q^) Spin-1 form factors for fc — > 00 
fi{Q^,k) Spin-1 form factors 
fi^ Tensor coupling constant of the lo meson 
F{Q^) Spin-0 form factor for fc — ?> cxj 
f{Q^,k) Spin-0 form factor 

f{Q^, k) Spin-0 form factor of orthogonal decomposition 

/v( 1^^(207 - Mi2e\) Vertex factor 

G Infinitesimal generators of U {A, a) 

Gi2-..n Infinitesimal generators of C/i2 -n(il, «) 

Fi^j Time-ordered contribution to Vopt 

7^ Dirac matrices 

F^ Electromagnetic vertex of constituent i 
Gc{Q^) Electric monopolc (charge) form factor 
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Projection tensor for Gm(Q^) 
gfj-i' Metric tensor 

Gm{Q^) Magnetic dipole form factor for k oo 

guiQ^jk) Magnetic dipole form factor 

Gq{Q^) Electric quadrupole form factor 

9(7 /u Coupling constant of the cr/cj meson 

h Planck's constant 

/pg(fc^, fee) Physical part of Jpg 

Ipg{V) Physical spin-0 current 

Physical spin-1 current for V = 

/y (fcp , fi'j ; fee , /ij ) Physical part of Jy 
ly^i^XV) Physical spin- 1 current 

j Quantum number of total angular momentum of the cluster 

jo (a;) First spherical Bessel function 

jc Canonical spin operator of the cluster 

Jc Canonical spin operator 

•^c (p'c ' '^j i Pc I f J ; ) Bound-state current 

Jg General spin operator 

Jh Helicity spin operator 

Generators for rotations 
ji Canonical spin operator of constituent i 
Jf (p ■ , CT ■ ; Pi , <7i ) Spin- 1/2 current of constituent i 
J^, Spin-1 bound-state current for A: — > oo 

JpsiP'c'Pc^ Pc) Spin-0 bound-state current 

Jy{^'j,fij) Short-hand notation for spin-1 bound-state current 

•^v (p'c ' ' Pc I f^j ; ) Spin- 1 bound-state current 

Jv{p'c^Pc^Po)'^u: Current tensor 

k Magnitude of fee 

fcj^ Intrinsic transverse momentum 
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kf^2 Four-momentum of the free cluster in the overall center-of-momentum sys- 
tem 

K Anomalous magnetic moment 

^(c) Vertex operator (on the bound-state level) 

^c/c ^um of incoming and outgoing bound-state (electron) momenta in the 
overall center-of-momentum system 

Boost generators 

fcf Four-momentum of particle i in the overall center-of-momentum system 

fcf Four-momentum of constituent i in the cluster center-of-momentum system 

I Quantum number of orbital angular momentum of the cluster 

I Orbital angular momentum operator of the cluster 

A Lorentz transformation 

(yl, a) Poincarc transformation 

Xi Compton wavelength corresponding to mass rrii 

Ai Mass of Pauli-Villars particle i 

'^int (^) Interaction Lagrangean density (on bound-state level) 

L^{fij,fij) Lorentz structure associated with the form factor fi 

^uip'j^ t^j) Lorentz structure associated with the form factor 

L''^{x) Generalized Laguerre polynomials 

Ai Melosh rotation factor 

AI Total invariant mass operator 

mi2 Invariant mass operator of the free cluster 

mc Total mass operator of the cluster 

mi-j-) Invariant mass (of particle i) 

rh^^ Lorentz generators of Ui {A, a) 

Mint Interaction mass operator of the overall system 

mint Two-body interaction mass operator 

mfjjt Reduced two-body interaction mass operator 

Mj 3-projection of Jc 

M^'' Lorentz generators 

m„ Eigenvalue of rhc associated with the radial quantum number n 
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Mn Mass operator of the free n-particle system 

m„i Mass eigenvalue of the three-dimensional isotropic harmonic oscillator 
M{^'^ Lorentz generators of the free n-particle system 
mred Reduced mass 

fii Spin projection of particle i in the overall center-of-momentum system 
fli Spin projection of constituent i in the cluster center-of-momentum system 
fij 3-projection of jc in the overall center-of-momentum system 
fii 3-projection of I 

fJ-p/B Magnetic dipole moment of the p-meson/deuteron 

fis 3-projection of s 

n Radial quantum number 

Light-front four-vector 
tb'^lx) uj meson field operator 
c2;py(a;) uj Pauli-Villars field operator 

(Ti; P2, C2; • • ■ 'iPm'^n) n-particle tensor-product state 

Four-vector orthogonal to P^i 
^c/c incoming and outgoing bound-state/electron momenta 

-f^^^j Interaction four-momentum operator of the overall system 
\{Pi,(yi}) Short-hand notation for n-particle tensor-product state 
n(A, a) (5 X 5)-matrix representation of the Poincare group 
Four-momentum operator of particle i 
Total four-momentum operator 
P^^ Four-momentum operator of the free n-particle system 
\^) State vector 

^Qi:){r) Deuteron wave function in coordinate space 
^njnjfiifi2i^) 2-particle wave function 
ip^x) Local spin-1/2 fermion field operator 

g^j^j Four-momentum transfer (on the nucleon) in the overall center-of- 
momentum system 

Qf-^\ Four-momentum transfer squared (on the nucleon) 
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Qq/c Quark/clcctron charge 

Qp/u Electric quadrupolc moment of the p-mcson/dcuteron 
r Position three-vector 
p Rapidity 

Wigner rotation associated with canonical boosts 
-Rwg Wigner rotation associated with general boosts 

Wigner rotation associated with helicity boosts 
s Mandelstam variable 

s Quantum number of total spin of the cluster 

S Spin rotation factor for spin-0 bound states 

s Total spin operator of the cluster 

(T Vector of Pauli matrices 

(To (2 X 2)-unit matrix 

(Ti Spin projection of particle i 

<7j 3-projection of jc 

<^py{x) a Pauli- Villars field operator 

<rcr Pauli spinor 

(t(x) a meson field operator 

^MjMj gpjj^ rotation factors for spin-1 bound states 
S'(yl) Four-spinor representation of the SL(2, C) 

S^^^] Short- hand notation for 3 Wigner _D- functions and 2 spin-1 Clebsch- 
Gordan coefficients 

t Mandelstam variable 

22o(Q'^) Tensor polarization 

T(a) Space-time translation 

r Proper time 

d Rotation parameter 

Six) Hcavyside step function 

Ti(a) Space-time translation operator for particle i 
T-^^ix) Interaction energy- momentum tensor operator 
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wo(fc) Radial S-wavc function of the dcuteron in momentum space 

uo{r) Radial S-wave function of the deuteron in configuration space 

Ui2---n{AiQd Unitary representation of the ISL(2,C) acting on n-particle 
tensor-product states 

Ui{A,a) Unitary irreducible representation of the ISL(2, C) 

U{A, a) Unitary representation of the ISL(2, C) 

Unoik) Radial S-wave function 

Uni{k) Radial wave function of harmonic oscillator 

ul^igik) Radial wave function 

Ua{p) Dirac spinor for spin- 1/2 fermions 

Ua{p) Dirac spinor for spin- 1/2 fermions normalized to unity 

w'"' Dirac spinor for spin-1/2 fermions in the static approximation 

Four-velocity of the free overall system 

Four-velocity of the free cluster 

Four- velocity of particle i 
\V; ki, fii; k2, fi2', ■ ■ ■ 'i k„, fi„) n-particle velocity state 
\V; {ki,fii}) Short-hand notation for n-particle velocity state 
Vopt (M) One-photon-exchange optical potential (on the bound-state level) 
V{r) Meson-exchange potential in configuration space 
Va-{p) Dirac spinor for spin-1/2 anti- fermions 
Wo (r) Reduced S-wave function of the deuteron 

wf^2 Four- velocity of the free cluster in the overall center-of-momentum system 
Four- velocity of particle i in the overall center-of-momentum system 

lif Four- velocity of constituent i in the cluster center-of-momentum system 

Xc Newton- Wigner position operator of the cluster 

Xc Newton- Wigner position operator 
Minkowski-space position four-vector 

Yi^^ (k) Spherical harmonic functions 
z Longitudinal momentum fraction 
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